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Abstract. We extendthebasicsystemrelationsof traceinclusion,traceequiva-
lence,simulation,andbisimulationto aquantitativesettingin whichpropositions
areinterpretednotasbooleanvalues,but asrealvaluesin theinterval

�
0 � 1� . Trace

inclusionandequivalencegive riseto asymmetricalandsymmetricallinear dis-
tances,while simulationandbisimulationgive riseto asymmetricalandsymmet-
rical branching distances.Westudytherelationshipsamongthesedistances,and
weprovidea full logicalcharacterizationof thedistancesin termsof quantitative
versionsof LTL andµ-calculus.Weshow that,while traceinclusion(resp.equiv-
alence)coincideswith simulation(resp.bisimulation)for deterministicboolean
transitionsystems,linearandbranchingdistancesdonotcoincidefor determinis-
tic quantitative transitionsystems.Finally, we provide algorithmsfor computing
thedistances,togetherwith matchinglower anduppercomplexity bounds.

1 Introduction

Quantitativetransitionsystemsextendtheusualtransitionsystems,by interpretingpropo-
sitionsasnumbersin [0,1], ratherthanastruth values.Quantitative transitionsystems
arise in a wide rangeof contexts. They provide modelsfor optimizationproblems,
wherethepropositionscanbe interpretedasrewards,costs,or astheuseof resources
suchaspower andmemory. They alsoprovide modelsfor discrete-timesamplingsof
continuoussystems,wherethe propositionsrepresentthe valuesof continuousvari-
ablesat discreteinstantsof time. We extendthe classicalrelationsof traceinclusion,
traceequivalence,simulation,and bisimulationto a quantitative setting,by de�ning
linearandbranchingdistances1. Consideringdistances,ratherthanrelations,is partic-
ularly usefulin thequantitativesetting,asit leadsto atheoryof systemapproximations
[5,16,1], enablingthe quanti�cation of how closelya concretesystemimplementsa
speci�cation.

We de�ne two familiesof distances:linear distances,which generalizetracein-
clusionandequivalence,andbranchingdistances,whichgeneralize(bi)simulation.We
relatethesedistancesto the quantitative versionof the two well-known speci�cation
languagesLTL andm-calculus,showing that thedistancesmeasureto whatextent the
logic cantell onesystemfrom theother.

Our startingpoint for lineardistancesis thedistance� s � r � ¥ betweentwo traces
s and r , which measuresthe supremumof the differencein predicatevaluationsat

�
Thisresearchwassupportedin partby theNSFCAREERgrantCCR-0132780,theNSFgrant
CCR-0234690,andtheONRgrantN00014-02-1-0671.

1 In this paper, we usethe term “distance”in a genericway, applyingit to quantitiesthat are
traditionallycalledpseudo-metricsandquasi-pseudo-metrics[7].
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correspondingpositionsof s andr . To lift this tracedistanceto a distanceoverstates,
wede�ne lds � s� t ��� sups � Tr � s� infr � Tr � t � � s � r � ¥ , whereTr � s� andTr � t � arethesetof
tracesfrom sandt, respectively. Thedistancelds � s� t � is asymmetrical,andis a quanti-
tative extensionof tracecontainment:if lds � s� t ��� b, thenfor all tracess from s, there
is a tracer from t suchthat � s � r � ¥ 	 b. In particular, Tr � s��
 Tr � t � if f lds � s� t ��� 0.
We de�ne a symmetricalversionof this distanceby lds � s� t ��� max
 lds � s� t ��� lds � t � s��� ,
yielding a distancethat generalizestraceequivalence;thus, lds � s� t � is the Hausdorff
distancebetweenTr � s� andTr � t � .

We relatethelineardistanceto thelogic QLTL, a quantitative versionof LTL [12].
Wheninterpretedona quantitative transitionsystem,QLTL formulasyield a realvalue
in the interval [0,1]. The formula “next p” returnsthe (quantitative) valueof p in the
next stepof a trace,while “eventually p” seeksthe maximumvalue attainedby p
throughoutthe trace.The logical connectives“and” and“or” areinterpretedas“min”
and“max”, and“not x” is interpretedas1 � x. Furthermore,QLTL hasa boundeddif-
ferenceoperator ��� , de�ned asx ��� y � max
 x � y� 0 � .

In thebooleansetting,for a relationto characterizea logic, two statesmustbere-
latedif andonly if all formulasfrom thelogic havethesametruthvalueonthem.In the
quantitative framework, we canachieve a �ner characterization:in additionto relating
thosestatesthat formulascannotdistinguish,we canalsomeasure to whatextent the
logic cantell onestatefrom theother. We show that the lineardistancesprovide such
a measurefor QLTL: for all statess� t we have lds � s� t ��� supj � QLTL � j � s� � j � t � � and
lds � s� t ��� supj � QLTL

� j � s� � � j � t ��� . We investigatewhat syntacticfragmentof QLTL

is necessaryfor sucha characterization,showing in particularthat the fragmentmust
includetheoperator � � , in line with theresultsof [5, 11]. We alsoconsiderlineardis-
tancesbasedontheasymmetrictracedistance� s ��� r � ¥ for tracess andr . Intuitively,
if � s ��� r � ¥ � b, thenall predicatevaluationsalongr areno morethanb below the
correspondingvaluationsin s . Suchasymmetricaldistancesareusefulin optimization
andcontrolproblems,whereit is desiredto approximatea givenquantityfrom above
or below. We show that thesedistancesarecharacterizedby the positivefragmentof
QLTL, in whichall propositionsoccurwith positivepolarity.

We then study the branchingdistancesthat are the analogousof simulationand
bisimulationon quantitative systems.A states simulatesa statet via R if the pro-
position valuationsat s and t coincide,and if every successorof s is relatedvia R
to somesuccessorof t. We generalizesimulation to a distancebdAs over states.If
bdAs � s� t ��� b, then � s � t � ¥ � b, andevery successorof s canbe matchedby a suc-
cessorof t within bdAs-distanceb. In a similar fashion,we cande�ne a distancebdSs

that is a quantitative analogousof bisimulation;sucha distancehasbeenstudiedin
[5,16]. We relate thesedistancesto QMU, a quantitative �xpoint calculusthat es-
sentially coincideswith the m–calculusof [2], and is relatedto the calculi of [9, 3]
(seealso[8,13]). In particular, we show that bdSs� s� t ��� supj � QM U � j � s� � j � t � � and

bdAs � s� t ��� supj ��� QM U
� j � s� ��� j � t ��� , where � QMU is thefragmentof QMU in which

only existentialpredecessoroperatorsoccur. Similarly, startingfrom theasymmetrical
statedistance� s � � t � ¥ , weobtainbranchingdistancesthatarecharacterizedby thecor-
respondingpositive fragmentsof QMU. As before,thesecharacterizationsrequirethe
presenceof the � � operatorin thecalculus.
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We relatelinear andbranchingdistances,showing that just assimulationimplies
tracecontainment,so the branchingdistancesaregreaterthanor equalto the corre-
spondinglineardistances.However, while traceinclusion(resp.equivalence)coincides
with simulation(resp.bisimulation)for deterministicbooleantransitionsystems,we
show that linearandbranchingdistancesdo not coincidefor deterministicquantitative
transitionsystems.Finally, we presentalgorithmsfor computinglinearandbranching
distancesover quantitative transitionsystems.We show that the problemof comput-
ing the linear distancesis PSPACE-complete,andit remainsPSPACE-completeeven
over deterministicsystems,showing oncemorethatdeterminismplaysa lesserrole in
quantitativetransitionsystems.Thebranchingdistancescanbecomputedin polynomial
timeusingstandard�xpoint algorithms[2].

We alsopresentour resultsin a discountedversion,in which distancesoccurring
i stepsin the future aremultiplied by a i , wherea is a discountfactor in � 0 � 1� . This
discountedsettingis commonin thetheoryof games(seee.g.[6]) andoptimalcontrol
(seee.g.[4]), andit leadsto robusttheoriesof quantitativesystems[2].

2 Preliminaries

For two numbersx � y ��� 0 � 1� , wewrite x � y � max� x � y� , x � y � min � x � y� , x � y � 1 �� x � y� andx � � y � 0 � � x � y� . We lift theoperators� and � , andtherelations� , 	 to
functionsvia theirpointwiseextensions.Givenafunctiond : X2 �	 IR
 0, wedenoteby
Zero� d ��� 
 � x � y��� X2 � d � x � y��� 0 � its zeroset.

Quantitati vetransition systems.A quantitativetransitionsystem(QTS) � � � S� t � S �
� � � � consistsof a setSof states,a transitionrelationt 
 S 
 S, a �nite setS of propo-
sitions,anda function � � � : S 	 � S 	 � 0 � 1� � which assignsto eachstates � Sandpro-
positionr � S a value � s� � r � . For a states � S, we write t � s� for 
 t � S � � s� t ��� t � .
We requirethat � is �nite-branchingandnon-blocking:for all s � S, the set t � s� is
�nite andnon-empty. We call a functionu : S 	 � 0 � 1� aS-valuation,andwedenoteby�

the setof all S-valuations.A QTS � is booleanif for all s � S andall r � S, we
have � s� � r ��� 
 0 � 1 � . A QTS � is deterministicif for all statess � Sandt � t ��� t � s� with
t �� t � , thereis r � S suchthat � t � � r ������ t � � � r � . Whendiscussingalgorithmiccomplexity,
we assumethat valuesx ��� 0 � 1� are encodedas �x ed-pointbinary numbers,andwe
denoteby � x � b thenumberof bits their encoding.We de�ne thesizeof a (�nite) QTS
� � � S� t � S ��� � � � by � � � � å s� Så r � S � � s� � r � � b � å s� S � t � s� � .
Paths and traces. Givena setA anda sequencep � a0a1a2 ��� � � Aw, we write pi for
the i-th elementai of p, andwe write p i � aiai � 1ai � 2 � � � for the (in�nite) suf�x of p
startingfrom pi . A pathof � is anin�nite sequencep � s0s1s2 � ��� of statessuchthat� si � si � 1 ��� t for all i � IN. Givena states � S, we write Pts� s� for thesetof all paths
startingin s. A S-traceis anin�nite sequences � u0u1u2 � ��� � � w; we call a S-trace
simply a tracewhenS is clearfrom thecontext. Every pathp of � inducesa S-trace
� p � ��� p0 ��� p1 ��� p2 � � ��� ; wewrite Tr � s� � 
�� p � � p � Pts� s��� for thesetof tracesfrom s � S.

Wede�ne simulation,bisimulation,andtracecontainmentfor QTSasusual.Specif-
ically, for a QTS � � � S� t � S ��� � � � , thesimulationrelation � sim (resp.thebisimulation
relation � bis) is the largestrelationR 
 S 
 Ssuchthat,for all sRt, thefollowing con-
ditions(i) and(ii) (resp.(i), (ii), and(iii)) hold: (i) � s� � � t � ; (ii) for all s�!� t � s� , there
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is t � � t � t � with s� Rt � ; (iii) for all t � � t � t � , thereis s� � t � s� with s� Rt � . For s� t � S, we
write s

�
tr t if Tr � s��
 Tr � t � , ands � tr t if Tr � s��� Tr � t � .

Dir ectedmetrics and pseudometrics. A directedmetric on X is a function d : X 

X 	 IR
 0 that satis�esd � x � x��� 0 for all x � X andthe triangleinequality:d � x � z� 	
d � x � y� � d � y� z� for all x � y� z � X. A pseudometricd is a directedmetric that is sym-
metric,i.e. d � x � y��� d � y� x� for all x � y � X. Givena directedmetric,we denoteby d̄ its
symmetrization,de�ned by d̄ � s� t ��� d � s� t � � d � t � s� .

We develop our de�nitions in termsof directedmetrics.Given a directedmetric
d on X anda mappingq : X 	 � 0 � 1� , the “directed” boundd � x � y��� q � x� � � q � y� for
all x � y � X immediatelyyields the “symmetrical” bound d̄ � x � y��� � q � x� � q � y� � for
all x � y � X. Hence,we focus on directedmetricsand directedbounds,deriving the
symmetricalresultsthroughtheaboveobservation.

3 Linear Distances and Logics

Throughoutthis paper, unlessspeci�cally noted,we considera �x ed a QTS � �� S� t � S ��� � � � . Thepropositionaldistancebetweentwo statesmeasuresthemaximumdif-
ferencein their propositionevaluations.

De�nition 1 (propositionaldistance) Wede�ne thepropositionaldistancepd:
� 2 	

� 0 � 1� , for all u � v � � , aspd � u � v��� maxr � S
� u � r � ��� v � r ��� .

For easeof notation,wewill write pd � s� t � for pd � � s� ��� t � � . For u � v � � wehave � u � v���
Zero� pd� if f u � r � � v � r � for all r � S, and � u � v� � Zero� pd� if f u � r � 	 v � r � for all r � S.
Thede�nition of tracedistancediscountsthepropositionaldistanceatpositionsi of the
traceby multiplying it by a i , for a � � 0 � 1� .
De�nition 2 (trace distance) We de�ne the tracedistancetda :

� w 	 � 0 � 1� by let-
ting, for s � r � � w anda � � 0 � 1� , tda

� s � r ��� supi � IN a ipd� s i � r i � .
For a � 1, thede�nitions reduceto theclassicalnotionsof tracedistance:td1

� s � r ���
� s ��� r � ¥ , andtd1

� s � r � � � s � r � ¥ . Wenotethattda is ageneralizationof theCantor
metric,which equalstd1� 2. Intuitively, td (resp.td) 2 correspondsto implication(resp.
equivalence)alongall thetrace.Indeed,lifting 	 and � to tracesin apointwiseway, for
all s � r � � w anda � � 0 � 1� we have that � s � r ��� Zero� tda � if f s � r , and � s � r ���
Zero� tda � if f s 	 r . Thelineardistancesareobtainedby lifting tracedistancesto the
setof all outgoingtracesin two states,asin theHausdorff distance.

De�nition 3 (linear distance) We de�ne the two linear distanceslda andlds over S
asfollows,for s� t � Sanda ��� 0 � 1� :

lda
a
� s� t ��� sup

s � Tr � s� inf
r � Tr � t � tda

� s � r � lds
a
� s� t ��� sup

s � Tr � s� inf
r � Tr � t � tda

� s � r �

One can easily checkthat, for all a � � 0 � 1� , the functionslda
a , lds

a are directed
metricsandlda

a , lds
a arepseudometrics.Intuitively, the distancelds is a quantitative

2 Whendiscussingpropertiesthatareindependentof thediscountfactor, wesometimesomit the
α subscriptfrom distancenames.
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Fig.1. A QTSshowing thedifferencebetweenlda
a , lds

a , lda
a , andlds

a .

extensionof tracecontainment:for s� t � S, thedistancelds � s� t � measureshow closely
(in a quantitativesense)cana tracefrom t simulatea tracefrom s. Thesymmetrization
of lds is lds, which is relatedto traceequivalence.The following result makes this
observationprecise.

Theorem1 For all a � � 0 � 1� , wehave
�

tr � Zero� lds
a � and � tr � Zero� lds

a � .
Wewill seethatthevaluationof QLTL formulasatsandt candiffer by atmostlds � s� t � ,
and similarly, the valuationof any QLTL formula at t is at most lds � s� t � below the
valuationat s. For a � 1, the distanceslda andlda have the following intuitive char-
acterization.For a traces � � w and c � IR, denoteby s ��� c the tracede�ned by� s ��� c� k � r ��� sk

� r � ��� c for all k � � andr � S: in otherwords,s ��� c is obtainedfrom
s by decreasingall propositionvaluationsby c. For all s� t � S, if lda

1
� s� t ��� c thenfor

every traces from s thereis a tracer from t suchthat r � s � � c. This meansthat
lda

1
� s� t � is a “positive” versionof tracecontainment:for eachtraces of s, thegoalof a

tracer from t is not thatof beingcloseto s , but rather, thatof notbeingbelow s � � c.
This versionof tracecontainmentwill preservewithin c thevaluationof QLTL formu-
laswith only positiveoccurrencesof propositions(calledpositiveQLTL formulas).The
relationsamonglineardistancesaresummarizedby thefollowing theorem.

Theorem2 Therelationsin Figure4(a)holdfor all a � � 0 � 1� . Moreover, for a � � 0 � 1�
theinequalitiescannotbereplacedbyequalities.

Proof. Theinequalitiesareimmediate.For a � � 0 � 1� andtheQTSin Figure1, wehave

lda
a
� s0 � t0 ��� 0 lda

a
� t0 � u0 ��� 0 lda

a
� u0 � t0 ��� 0

lds
a
� s0 � t0 ��� 0 lds

a
� t0 � u0 ��� a lds

a
� u0 � t0 ��� 0

lda
a
� s0 � t0 ��� a lda

a
� t0 � u0 ��� 0 lda

a
� u0 � t0 ��� 0

lds
a
� s0 � t0 ��� a lds

a
� t0 � u0 ��� a lds

a
� u0 � t0 ��� a

Thus,we have an examplewherelda
a �� lds

a , lda
a �� lda

a , lds
a �� lds

a , lda
a �� lds

a , and
neitherlds

a 	 lda
a nor lds

a � lda
a .

3.1 Quantitati veLinear-Time Temporal Logic

The linear distancesintroducedabove are closely connectedto a quantitative exten-
sionof linear-timetemporallogic whichwecall quantitativelinear-timetemporal logic
(QLTL). The logic QLTL includesquantitative versionsof the temporaloperatorsand
logic connectives.Following [5], QLTL alsohasa “threshold” operator, enablingthe
comparisonof a formula againsta constantin the interval � 0 � 1� . The QLTL formulas
overS aregeneratedby thefollowing grammar:

j :: � r � j � j � j � j ��� j � c � j � c � � j � a j � � a j � � a j � � a j
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Here r � S is a proposition,c � � 0 � 1� a constantanda � � 0 � 1� a discountfactor. A
formulaj assignsa value � � j � � � r ��� � 0 � 1� to eachtraces 
 � w.

� � r � � � s � � s0
� r �

� � � j � � � s � � 1 � � � j � � � s �
� � c � j � � � s � � c � � � j � � � s �
� � c ��� j � � � s � � c ��� � � j � � � s �
� � a j � � � s � � a � � � j � � � s 1 �
� � � a j � � � s � � 1 � a � a � � � j � � � s 1 �

� � j 1 � j 2 � � � s ��� � � j 1 � � � s � � � � j 2 � � � s �
� � j 1 � j 2 � � � s ��� � � j 1 � � � s � � � � j 2 � � � s �
� � � a j � � � s � � sup
 a i � � � j � � � s i � � i � 0 �
� � � a j � � � s � � inf 
 1 � a i � � 1 � � � j � � � s i � � � i � 0 �

A QLTL formula j assingsa real value � � j � � � s� � � 0 � 1� to eachstates of a given
an QTS, accordingto the rule3 � � j � � � s� � sup
�� � j � � � r � � r � Tr � s����� Thanksto the
equivalences� a j � � a � j , �

� c � j � � ��� 1 � c� � � j � , � � c � � j � � ��� 1 � c��� j � ,
�
� �

a j � � �
a � j , andthe classicaldualitiesbetween� , � , m, andn, the syntaxof

QLTL allows negationsto be pushedto the atomicpropositionswithout affecting the
valueof a formula.For a � � 0 � 1� , we denoteby QLTLa thesetof formulascontaining
only discountfactorssmallerthanor equalto a . All QLTL operatorsarepositive, with
theexceptionof � andc ��� for c � � 0 � 1� , which arenegative. We saythata QLTL for-
mula is positiveif all propositionsoccurwith positive polarity, that is, within an even
numberof negative operators;we denoteby QLTL �a the positive fragmentof QLTLa .
Furthermore,for ops 
 
 � � � � � � ��� � ��� � , we denoteby QLTLa

� ops� thesetof for-
mulaswhich only containbooleanconnectivesand operatorsin ops. We denoteby
QLTL �a � ops� the restrictionsof thesesetsto positive formulas.Notice that for a � 1,

a and � a coincidewith theusual operatorof LTL. Thus,if we forbid theuseof
� and � � andwe take all discountfactorsto be1, thesemanticsof QLTL on boolean
systemscoincideswith theoneof LTL.

3.2 Logical Characterization of Linear Distances

Lineardistancesprovidea boundfor thedifferencein valuationof QLTL formulas.We
begin by relatingdistancesandlogicsover traces.

Lemma 1 For all a � � 0 � 1� andall tracess � r � � w, thefollowingholds.

For all j � QLTL �a : tda
� s � r � � � � j � � � s � ��� � � j � � � r � ;

For all j � QLTLa : tda
� s � r � � � � � j � � � s � � � � j � � � r � � �

Thefollowing theoremusesthelineardistancesto providethedesiredboundsfor QLTL.

Theorem3 For all a � � 0 � 1� ands� t � S, wehave:

For all j � QLTL �a : lda
a
� s� t � � � � j � � � s� � � � � j � � � t � and lda

a
� s� t � � � � � j � � � s� � � � j � � � t � � �

For all j � QLTLa : lds
a
� s� t � � � � j � � � s� � � � � j � � � t � and lds

a
� s� t � � � � � j � � � s� � � � j � � � t � � �

3 We choseto give theexistential interpretationof QLTL. Obviously, theminimumvalueof ϕ
from s is obtainedby oneminusthemaximumvalueof � ϕ in s.
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s
r � 0 s3

s1 r � 0 � 2

s2

r � 0 � 8
r � 0 t3

t1 r � 0 � 2

r � 0 � 8

t
r � 0 � 6 t2 r � 0 � 4

Fig.2. QLTL cannotdistinguishbetweens andt.

Theresultsfor lds andlds arethequantitativeanalogousof thestandardconnectionbe-
tweentracecontainmentandtraceequivalence,andLTL. For instance,theresultabout
lds statesthat,if lds

a
� s� t ��� c, thenfor everyQLTL formulaj andevery traces from s,

thereis a tracer from t suchthat � � j � � � r � � � � j � � � s � � c.
The following theoremstatesthat the linear distancescan be characterizedby a

syntacticsubsetof the logics that includesonly the and � operators,in additionto
booleanconnectives.Togetherwith Theorem3, this resultconstitutesa full characteri-
zationof lineardistancesin termsof QLTL.

Theorem4 For all a � � 0 � 1� ands� t � S,

lda
a
� s� t ��� sup

j � QLTL
�
a � �

� � � � j � �
� s� ��� � � j � � � t � lda

a
� s� t ��� sup

j � QLTL
�
a � �

� � � � � j � �
� s� � � � j � � � t � �

lds
a
� s� t ��� sup

j � QLTLa � �
� � � � j � �

� s� � � � � j � � � t � lds
a
� s� t ��� sup

j � QLTLa � �
� � � � � j � �

� s� � � � j � � � t � �

Thenext resultshows that theoperator� is indeednecessaryto obtainsucha charac-
terization( is alsotrivially necessary).This resultis reminiscentof a resultby [5] for
Markov systems.

Theorem5 There is a �nite QTSandtwo statess andt such that, for all a � � 0 � 1� ,
lds

a
� s� t ��� lds

a
� s� t ��� 0, andsupj � QLTLa � � � � ���
	 � � � � j � �

� s� � � � j � � � t � � � 0.

Asanexample,considertheQTSin Figure2,andassumea � 1.It holdsthatlds
a
� s� t � �

lds
a
� s� t � � 0 � 2.A suitableformulafor distinguishingsandt is j : � � 0 � 6 � � r � � � 0 � 4 �

r ��� ; wehave j � s��� 1 andj � t ��� 0 � 8. Ontheotherhand,it canbeprovedby induction
on thestructureof theformulathat,if � and � � arenotused,thereis noQLTL formula
thatdistinguishesbetweensandt.

3.3 Computing the Linear Distance

Givena �nite QTS � � � S� t � S ��� � � � we wish to computeldx
a
� s0 � t0 � , for all s0 � t0 � S,

all x � 
 a� s� , andall a � � 0 � 1� (the casea � 0 is trivial). We describethe compu-
tation of lda, as the computationof lds is analogous.We can readthe de�nition of
lda as a two-playergame.Player1 choosesa path p � s0s1s2 ��� � from s0; Player2
choosesa pathp � � t0t1t2 ��� � from t0; the goal of Player1 (resp.Player2) is to max-
imize (resp.minimize) supk a kpd� pk � p �k � . The gameis playedwith partial informa-
tion: after s0 ��� � sn, Player1 must choosesn� 1 without knowledge4 of t0 ��� � tn. Such

4 Indeed,if the gamewereplayedwith total information,we would obtainthe branchingdis-
tancesof thenext section.

7



a gamecanbe solved via a variationof subsetconstruction[14]. The key idea is to
associatewith each�nal statesn of a �nite paths0s1 � ��� sn chosenby Player1, all �-
nal statestn of �nite pathst0t1 ��� � tn chosenby Player2, eachlabeledby the distance
v � s0 � � � sn � t0 � ��� tn ��� max0 � k � na k � npd� sk � tk � .

From � , weconstructanotherQTS � � � � S� � t � � 
 r � ��� � � � � , having setof statesS� �
S 
 2S��� . If a � 1 wecantake � � 
 pd� s� t � � s� t � S� , sothat � � � 	 �S� 2. For a � � 0 � 1� ,
we take � � 
 pd� s� t ��� a k � s� t � S � k � �

� pd � s� t � 	 a k �	� 
 1 � , so that � � � 	 �S� 2 �

loga min 
 pd� s� t � � s� t � S � pd� s� t � � 0 ��� � 1.Thetransitionrelationt � consistsof all

pairs ��
 s� C��� 
 s� � C����� suchthats� � t � s� andC� � 
 
 t � � v��� � � 
 t � v� � C � t � � t � t � � v� �� v� a � pd � s� � t � � ��� 1 � . Note that only Player1 hasa choiceof movesin this game,
sincethemovesof Player2 areaccountedfor by thesubsetconstruction.Finally, the
interpretation� � � � is given by � 
 s� C ��� � � r ��� min 
 v � 
 t � v��� C � , so that r indicatesthe
minimumdistanceachievableby Player2 while trying to matchapathto 
 s� C � chosen
by Player1. Thegoalof thegame,for Player1, consistsin reachinga stateof � � with
thehighestpossible(discounted)valueor r. Thus,for all s� t � S, we have ldx

a
� s� t � �

� � � � a r � ����� ��
 s� 
 
 t � pd � s� t ��������� , wheretheright-handsideis to becomputedon � � . This
expressioncanbe evaluatedby a depth-�rst traversalof thestatespaceof � � , noting
thatno stateof � � needsto be visited twice, assubsequentvisits do not increasethe
valueof

�
a r.

Theorem6 For all x � 
 a� s� , thefollowing assertionshold:
1. Computingldx

a for a � � 0 � 1� andQTS� is PSPACE-completein � � � � � a � b.
2. Computingldx

a for a � � 0 � 1� and deterministicQTS � is PSPACE-completein

� � � � � a � b.
3. Computingldx

a for a � � 0 � 1� andboolean,deterministicQTS� is in timeO � � � � 4 � .
The uppercomplexity boundfor part 1 comesfrom the above algorithm; the lower
boundcomesfrom a reductionfrom thecorrespondingresultfor traceinclusion[15].
Part 2 statesthat,unlike in the booleancase,the problemremainsPSPACE-complete
evenfor deterministicQTSs.Thisresultis provedbyareductionto thenondeterministic
case:by introducingperturbationsin thevaluations,we cantranforma nondeterminis-
tic QTS into a deterministicone; for appropriatelysmall perturbations,the distances
computedon thederiveddeterministicQTS enablethedeterminationof thedistances
overthenondeterministicQTS.Finally, part3 is aconsequenceof Theorems13and12.

4 Branching Distances and Logics

De�nition 4 (branching distances) Considerthefollowing four equationsinvolving
thefunctiond : S2 	 � 0 � 1� andtheparametera � � 0 � 1� .

� Aa� d � s� t ��� pd � s� t � � a � max
s� � t � s� min

t � � t � t � d
� s� � t � �

� As� d � s� t ��� pd � s� t � � a � max
s� � t � s� min

t � � t � t � d
� s� � t � �

� Sa� d � s� t ��� pd � s� t � � a � max
s� � t � s� min

t � � t � t � d
� s� � t � � � a � max

t � � t � t � min
s� � t � s� d

� s� � t � �
� Ss� d � s� t ��� pd � s� t � � a � max

s� � t � s� min
t � � t � t � d

� s� � t � � � a � max
t � � t � t � min

s� � t � s� d
� s� � t � �
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For x � 
 Aa � As � Sa� Ss� , we de�ne thebranchingdistancebdx
a asthesmallestfunction

d : S2 	 � 0 � 1� satisfyingtheequation� x� .
The distancebdSs is relatedto the metricsof [5,16,2]. Clearly bdSs � bdSs, so we
obtainthreesymmetricalversionsbdAa, bdAs, andbdSa. For all a ��� 0 � 1� , thefunctions
bdAa

a , bdAs
a , andbdSa

a aredirectedmetrics,andthefunctionsbdSs
a , bdAa

a , bdAs
a , andbdSa

a
arepseudometrics.

For a � � 0 � 1� , bdAs
a characterizessimilarity andbdSs

a characterizesbisimilarity.

Theorem7 For all a � � 0 � 1� , wehave � sim � Zero� bdAs
a � and � bis � Zero� bdSs

a � .
ThedistancebdAa correspondsto avariantof simulationwhere,if bdAa

1
� s� t � � 0 (thatis,

if s is relatedto t), then � s� 	 � t � . This notionis thequantitativeequivalentof a boolean
notionof simulationproposedin [10] for thepreservationof positiveACTL formulas,
thatis,ACTL formulaswhereall propositionsoccurwith positivepolarity. Indeed,The-
orem8 statesthata similar characterizationholdsfor bdAa in thequantitative setting.
Justassimilarity in both directionsdoesnot imply bisimulation,bdAs canbe strictly
smallerthanbdSs, andbdAa canbestrictly smallerthanbdSa.

Theorem8 Therelationsin Figure 4(b) hold for all QTSand for all a � � 0 � 1� . For
a � � 0 � 1� , nootherinequalitieshold onall QTSs.

4.1 Quantitati vem-Calculus

We de�ne quantitative m-calculusafter [2]. Given a set of variablesX and a set of
atomicpropositionsS, theformulasof thequantitativem-calculusaregeneratedby the
grammar

j :: � r � x � j � j � j � j ��� j � c � j � c � � j �� a j � � � a j ��� a j ��� � a j � mx � j � nx � j

for propositionsr � S, variablesx � X, anddiscountfactorsa � � 0 � 1� . Denotingby� � � S 	 � 0 � 1� � , a (variable)interpretationis a function � : X 	 �
. Given an in-

terpretation� , a variablex � X anda function f � � , we denoteby � � x : � f � the
interpretation� � suchthat � � � x��� f and,for all y �� x, � � � y� ��� � y� . GivenaQTSand
aninterpretation� , every formula j of thequantitative m-calculusde�nesa valuation
� � j � ��� : S 	 � 0 � 1� :
� � r � � � � s� � � s� � r �
� � x� ��� ��� � x�
� � j 1 � j 2 � � � � � � j 1 � � � ��� � j 2 � � �
� � j 1 � j 2 � ��� � � � j 1 � ��� ��� � j 2 � ���
� � � j � ��� � s� � 1 � � � j � ��� � s�
� � c � j � � � s� � c � � � j � � � s�
� � c ��� j � � � s� � c ��� � � j � � � s�

� � � a j � � � � s� � a � maxs� � t � s� � � j � � � � s� �
� � � � a j � ��� � s� � 1 � a � a � maxs� � t � s� � � j � ��� � s� �
� � � a j � � � � s� � a � mins� � t � s� � � j � � � � s� �
� � � � a j � ��� � s� � 1 � a � a � mins� � t � s� � � j � ��� � s� �
� �mx � j � ��� � inf 
 f � � � f � � � j � � �
	 x: � f � �
� � nx � j � � � � sup
 f � � � f ��� � j � � �
	 x: � f � � �

Theexistenceof therequired�xpoints is guaranteedby themonotonicityandcontinuity
of all operators.If j is closed,wewrite � � j � � for � � j � � � . A formulais positiveif all atomic
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propositionsoccurin thescopeof anevennumberof negations.For all a � � 0 � 1� , we
call CLMUCALCa thesetof closedm–calculusformulaswhereall discountfactorsare
smallerthanor equalto a andCLMUCALC �a the subsetof CLMUCALCa that only
containspositive formulas.We denoteby � CLMUCALCa , � CLMUCALC �a therespec-
tivesubsetswith nooccurrencesof � . For ops 
 
 � � � � � � ��� � ��� � m� n � � � � � , we de-
noteby CLMUCALCa

� ops� thesetof formulasthatonly containbooleanconnectives
andoperatorsin ops. Notice that, if we omit the operators� and ��� andwe take all
discountfactorsto be 1, thenthesemanticsof thequantitative m-calculuson boolean
systemscoincideswith theoneof theclassicalm-calculus.

4.2 Logical Characterizationsof Branching Distances

Thefollowing resultshows that thebranchingdistancesprovide boundsfor thecorre-
spondingfragmentsof them-calculus.

Theorem9 For all QTSs,statessandt, anda � � 0 � 1� , wehave

for all j � � CLMUCALC �a bdAa
a

� s� t � � � � j � � � s� ��� � � j � � � t �
for all j � � CLMUCALCa bdAs

a
� s� t � � � � j � � � s� ��� � � j � � � t �

for all j � CLMUCALC �a bdSa
a
� s� t � � � � j � � � s� � � � � j � � � t �

for all j � CLMUCALCa bdSs
a
� s� t � � � � � j � � � s� � � � j � � � t � �

As notedbefore,eachboundof theform d � s� t � � � � j � � � s� � � � � j � � � t � , trivially leadsto a
boundof theform d � s� t � � � � � j � � � s� � � � j � � � t � � . Theboundsaretight, andthefollowing
theoremidenti�es whichfragmentsof quantitativem-calculussuf�ce for characterizing
eachbranchingdistance.

Theorem10 For all QTSs,statessandt, anda � � 0 � 1� , wehave

bdAa
a
� s� t ��� supj � CLM UCALC

�
a ��� � � � � � � � j � �

� s� ��� � � j � � � t ���
bdAs

a
� s� t ��� supj � CLM UCALCa ��� � � � � � � � j � �

� s� ��� � � j � � � t ���
bdSa

a
� s� t ��� supj � CLM UCALC

�
a ��� � � � � �

� � � � j � � � s� ��� � � j � � � t � �
bdSs

a
� s� t ��� supj � CLM UCALCa ��� � � � � �

� � � � j � � � s� � � � � j � � � t � �
Thenext resultshows thattheoperator� (or ��� ), which is not presentin theordinary
m-calculus,is necessaryto characterizethebranchingdistances.This parallelsa result
of [5] for a metric relatedto bdSs on labeledMarkov chains,anda resultof [11] for
Markov decisionprocessesandgames.

Theorem11 There is a �nite QTSandtwo statess andt such that, for all a � � 0 � 1� ,
bdSs

a
� s� t ��� bdAs

a
� s� t ��� 0 andfor all j � CLMUCALC that do not contain � and ��� ,

wehave � � j � � � s��� � � j � � � t � .
Proof (sketch). ConsideragaintheQTSin Figure2 andtake a � 1. ThenbdSs� s� t ���
bdAs � s� t � � 0 � 2.Theorem5 statesthatformulasfrom QLTL � � � � arenotsuf�cient for
distinguishingsfrom t. Comparedto QLTL, them–calculusallowsto specifybranching
formulasandtake �xpoints of expressions.However, in theexamplehere,thesecapa-
bilities do not help,since,startingfrom s or t, theonly branchingpointsoccursin the
�rst state.
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t1 t2

t4t3

t0 r � 0� q� 0

r � 0 � q� 1 r � 1 � q� 0

r � 1� q� 0r � 0� q� 1

s0

s4s3

s1

r � 0� q� 0

r � 1 � q� 0

r � 1
2 � q� 1

2

r � 0 � q� 1

Fig.3. Linearversusbranchingdistancesona deterministicQTS.
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(b) Branchingdistances.
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(c) All distances.

Fig.4. Relationsbetweendistances,wheref � g meansf � g. In (c), thedottedarrowscollapse
to equalityfor boolean,deterministicQTSs.

4.3 Computing the branching distances

Givena�nite QTS � � � S� t � S ��� � � � arationalnumbera � � 0 � 1� , andx � 
 Ss� Sa� As � Aa � ,
we cancomputebdx

a
� s� t � for all statess� t � Sby computingin aniterative fashionthe

�xpoints of De�nition 4. For instance,bdAa
a canbecomputedby lettingd0 � s� t ��� 0 for

all s� t � Sand,for k � IN, by lettingdk� 1 � s� t � � pd � s� t � � a � maxs� � t � s� mint � � t � t � dk � s� � t � � ,
for all s� t � S. Thenbdx

a � limk� ¥ dk, andit canbeshown thatthis andtheothercom-
putationsterminatein atmost �S� 2 iterations.Thisgivesthefollowingcomplexity result.

Theorem12 Computingbdx
a for x � 
 Ss� Sa� As � Aa � , a � � 0 � 1� anda QTS� canbe

donein timeO � � � � 4 � .

5 Comparing the Linear and Branching Distances

Justassimilarity impliestraceinclusion,we havebothlda 	 bdAa andlds 	 bdAs; just
asbisimilarity impliestraceequivalence,wehavelds 	 bdSsandlda 	 bdSa. Moreover,
in thenon-quantitativesetting,traceinclusion(resp.traceequivalence)coincideswith
(bi-)similarity ondeterministicsystems.This resultgeneralizesto distancesoverQTSs
that areboth deterministicandboolean,but not to distancesover QTSsthat are just
deterministic.

Theorem13 Thefollowingpropertieshold.
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1. Therelationsin Figure 4(c) hold for all a � � 0 � 1� . Moreover, for a � � 0 � 1� , the
inequalitiescannotbereplacedby equalities.

2. For all boolean,deterministicQTSs,all a � � 0 � 1� , wehave

lda
a � bdAa

a lds
a � bdAs

a lda
a � bdAa

a lds
a � bdAs

a �

Theseequalitiesneednot to hold for non-boolean,deterministicQTSs.

To seethatondeterministic,non-booleanQTSs,thelineardistancesbetweenstatescan
bestrictly smallerthanthecorrespondingbranchingones,considertheQTSin Figure3.
We assumethata � 1

2; a similar exampleworksif a 	 1
2. Thenlda

a
� s� t ��� lds

a
� s� t ���

lda
a
� s� t ��� lds

a
� s� t ��� 1

2a , while bdAa
a
� s� t ��� bdAs

a
� s� t ��� bdAa

a
� s� t ��� bdAs

a
� s� t ��� a 2.
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