In ICALP 04: 31stinternationalColloquiumon Automata Languaes,and Programming

LNCS, SpringerVerlag,2004.

Linear and Branching Metrics for Quantitati ve
Transition Systems

LucadeAlf aro,MarcoFaella,andMariélle Stoelinga

Departmenbf ComputerEngineeringJniversitity of California, SantaCruz, USA

Abstract. We extendthe basicsystemrelationsof traceinclusion,traceequia-
lence,simulation,andbisimulationto a quantitatie settingin which propositions
areinterpretechotasboolearvalues put asrealvaluesin theintenal [0, 1]. Trace
inclusionandequivalencegive rise to asymmetricaandsymmetricalinear dis-
tanceswhile simulationandbisimulationgive riseto asymmetricahndsymmet-
rical branching distancesWe studytherelationshipamongthesedistancesand
we provide afull logical characterizationf thedistancesn termsof quantitatve
versionsof LTL andu-calculus We shaw that,while traceinclusion(resp.equiv-
alence)coincideswith simulation(resp.bisimulation)for deterministicboolean
transitionsystemslinearandbranchingdistanceslo not coincidefor determinis-
tic quantitatve transitionsystemsFinally, we provide algorithmsfor computing
thedistancestogethemwith matchinglower anduppercompleity bounds.

1 Introduction

Quantitatvetransitionsystemextendtheusualtransitionsystemsby interpretingoropo-
sitionsasnumbersn [0,1], ratherthanastruth values.Quantitatie transitionsystems
arisein a wide rangeof contexts. They provide modelsfor optimization problems,
wherethe propositionscanbe interpretedasrewards,costs,or asthe useof resources
suchaspower andmemory They also provide modelsfor discrete-timesamplingsof
continuoussystemswherethe propositionsrepresenthe valuesof continuousvari-
ablesat discreteinstantsof time. We extendthe classicalrelationsof traceinclusion,
trace equivalence,simulation,and bisimulationto a quantitatve setting,by de ning
linearandbranchingdistance$. Consideringdistancestatherthanrelations,is partic-
ularly usefulin thequantitatve setting,asit leadsto atheoryof systemapproximations
[5,16,1], enablingthe quanti cation of how closelya concretesystemimplementsa
speci cation.

We de ne two families of distanceslinear distanceswhich generalizetracein-
clusionandequivalence andbranching distanceswhich generaliz&bi)simulation.We
relatethesedistancego the quantitatve versionof the two well-known speci cation
languaged. TL and mcalculus,shaving thatthe distancesneasurego what extentthe
logic cantell onesystemfrom the other

Our startingpoint for lineardistancess thedistance|s — r ||y betweertwo traces
s andr, which measureshe supremumof the differencein predicatevaluationsat
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1In this paper we usethe term “distance”in a genericway, applyingit to quantitiesthatare
traditionally calledpseudo-metricandquasi-pseudo-metrigg].



correspondingpositionsof s andr . To lift thistracedistanceo a distanceover states,
wede ne ld*(s;t) = Sup, ., I, 7y IS — 1 [l¥, whereTr (s) andTr (t) arethesetof

tracesfrom s andt, respectiely. The distancdd®(s,t) is asymmetricalandis a quanti-
tative extensionof tracecontainmentif Id%(s,t) = b, thenfor all tracess from s, there
is atracer fromt suchthat||s —r ||y < b. In particular Tr(s) C Tr(t) iff IdS(s,t) = 0.
We de ne a symmetricalversionof this distanceby [dS(s,t) = max{ldS(s,t),ld(t,s)},
yielding a distancethat generalizegraceequivalence;thus,dS(s,t) is the Hausdorf
distancebetweenr (s) andTr (t).

We relatethelinear distanceto thelogic QLTL, a quantitatve versionof LTL [12].
Wheninterpretedn a quantitative transitionsystem QLTL formulasyield arealvalue
in theinterval [0,1]. The formula“next p” returnsthe (quantitatve) valueof p in the
next stepof a trace,while “eventually p” seeksthe maximum value attainedby p
throughoutthe trace.The logical connectves“and” and“or” areinterpretedas“min”
and“max”, and“not x” is interpretedas1 — x. FurthermoreQLTL hasa boundeddif-
ferenceoperator=- , de nedasx =~ y = max{x—y,0}.

In the booleansetting,for arelationto characterize logic, two statesmustbere-
latedif andonly if all formulasfrom thelogic have the sameruthvalueonthem.In the
quantitatve framework, we canachieve a ner characterizationn additionto relating
thosestatesthat formulascannotdistinguish,we canalsomeasue to what extentthe
logic cantell onestatefrom the other We shav thatthe linear distancegprovide such
ameasurdor QLTL: for all statess,t we have [dS(s;t) = sup cqur lf (9 —J (t)] and
Id3(s,t) = SUR cqur U (9) = (t)). We investigatewhat syntacticfragmentof QLTL
is necessaryor sucha characterizationshaving in particularthat the fragmentmust
includethe operator = , in line with theresultsof [5, 11]. We alsoconsidedineardis-
tanceshasedntheasymmetridracedistanced|s = r ||y for tracess andr . Intuitively,
if ||[s = r ||y = b, thenall predicatevaluationsalongr areno morethanb below the
correspondingaluationsin s. Suchasymmetricatlistancesreusefulin optimization
andcontrol problemswhereit is desiredto approximatea given quantityfrom above
or belov. We shav that thesedistancesare characterizedy the positivefragmentof
QLTL, in which all propositionsoccurwith positive polarity.

We then study the branchingdistanceghat are the analogousof simulationand
bisimulationon quantitatve systems A states simulatesa statet via R if the pro-
position valuationsat s andt coincide,and if every successopf s is relatedvia R
to somesuccessoof t. We generalizesimulationto a distancebd”S over states.If
bd*S(s,t) = b, then||s—t||y < b, andevery successoof s canbe matchedby a suc-
cessomf t within ba*S-distanceb. In a similar fashion,we cande ne a distancebd>®
thatis a quantitatve analogousof bisimulation;sucha distancehasbeenstudiedin
[5,16]. We relate thesedistancesto QMU, a quantitatve xpoint calculusthat es-
sentially coincideswith the m-calculusof [2], andis relatedto the calculi of [9, 3]
(seealso[8, 13]). In particular we shav thatbdSS(s;t) = sup couulf (8) —J (1) and
bd*S(s;t) = SUR caomul (8) = (1)), where3Qmu is the fragmentof Qmu in which
only existentialpredecessaoperatoroccur Similarly, startingfrom the asymmetrical
statedistancd|s = t||y, we obtainbranchingdistanceshatarecharacterizethy thecor
respondingpositive fragmentsof QMu. As before,thesecharacterizationsequirethe
presencef the — operatoiin the calculus.



We relatelinear and branchingdistancesshawing that just as simulationimplies
trace containmentso the branchingdistancesare greaterthan or equalto the corre-
spondindineardistancesHowever, while traceinclusion(resp.equivalencexoincides
with simulation (resp.bisimulation)for deterministicbooleantransitionsystemswe
shaw thatlinearandbranchingdistanceglo not coincidefor deterministicquantitatve
transitionsystemsFinally, we presentalgorithmsfor computinglinear andbranching
distanceover quantitative transitionsystemsWe shaw that the problemof comput-
ing the linear distanceds PSRACE-completeandit remainsPSRACE-completesven
over deterministicsystemsshaving oncemorethatdeterminisnplaysalessemrole in
quantitatvetransitionsystemsThebranchinglistanceganbecomputedn polynomial
time usingstandardxpoint algorithms[2].

We also presentour resultsin a discountedversion,in which distancesccurring
i stepsin the future are multiplied by a', wherea is a discountfactorin [0,1]. This
discountedsettingis commonin the theoryof gamegseee.g.[6]) andoptimalcontrol
(seee.g.[4]), andit leadsto robusttheoriesof quantitatve systemg2].

2 Preiminaries

For two numbers,y € [0,1], wewrite X LI y = max(x,y), Xy = min(x,y), x+y= 11
(x+y) andx - y=0U (x—Yy). Welift theoperatorsl andr, andtherelations<, < to
functionsvia their pointwiseextensionsGivenafunctiond : X2 — IRZ%, we denoteby
Zera(d) = {(x,y) € X2 | d(x,y) = O} its zeroset.

Quantitati vetransition systems.A quantitativetransitionsystem{QTS). = (S;t, S,
[-]) consistsof a setS of statesa transitionrelationt C Sx S, a nite setS of propo-
sitions,andafunction[-]: S— (S — [0,1]) which assigngo eachstates € Sandpro-
positionr € S avalue[s)(r). For a states € S, we write t (s) for {t € S| (s;t) € t}.
We requirethat.” is nite-branchingandnon-blocking:for all s € S, the sett(s) is
nite andnon-emptyWe call afunctionu: S — [0,1] a S-valuation,andwe denoteby
% thesetof all S-valuations A QTS.¥ is booleanif for all se Sandallr € S, we
have[g)(r) € {0,1}. A QTS.~ is deterministidf for all statess€ Sandt,t’ € t (s) with
t #t/, thereisr € S suchthat|t](r) # [t'](r). Whendiscussinglgorithmiccomplexity,
we assumethat valuesx € [0, 1] are encodedas x ed-pointbinary numbers.and we
denoteby |x|,, the numberof bits their encoding We de ne the sizeof a ( nite) QTS

& =(S1,S,[]) by [7] = AsesBres[8](N]p + 8sest (S)]-

Paths and traces. GivenasetA andasequencg = a,a,a,--- € A", we write p; for
thei-th elementa; of p, andwe write p' = aa_ &, ,--- for the (in nite) sufx of p
startingfrom p;. A pathof .7 is anin nite sequence = s,s;s,--- of statessuchthat
(§,8,1) €t foralli € IN. Givenastates € S, we write Pts(s) for the setof all paths
startingin s. A S-traceis anin nite sequence = uyu,u,--- € %"; wecall a S-trace
simply atracewhen S is clearfrom the context. Every pathp of .# inducesa S-trace
[P] = [PollP4]lPy] - - - wewrite Tr(s) = {[p] | p € Ptg(s) } for thesetof tracesfromse S,

We de ne simulation,bisimulation,andtracecontainmenfor QTSasusual Specif-
ically, foraQTS . = (S;t, S, [-]), thesimulationrelation<, (resp.the bisimulation
relation~,,)) is the largestrelationR C Sx Ssuchthat,for all sR, thefollowing con-
ditions (i) and(ii) (resp.(i), (i), and(iii)) hold: (i) [s] = [t]; (i) for all ' € t(s), there



ist’ € t(t) with SR; (iii) for allt’ € t(t), thereis s’ € t (s) with SR’. Fors;t € S we
write sCy, tif Tr(s) C Tr(t), ands=y, t if Tr(s) = Tr(t).

Directed metrics and pseudometrics. A directedmetricon X is a functiond : X x
X — IRZ0 thatsatis esd(x,x) = 0 for all x € X andthe triangleinequality:d(x,z) <
d(x,y) +d(y,2) for all x,y,z€ X. A pseudometrid is a directedmetric thatis sym-
metric,i.e.d(x,y) = d(y,x) for all x,y € X. Givenadirectedmetric,we denoteby d its
symmetrizationde ned by d(s,t) = d(s,t) L d(t,s).

We develop our de nitions in termsof directedmetrics. Given a directedmetric
d on X anda mappingq : X — [0, 1], the “directed” boundd(x,y) > q(x) = q(y) for
all x,y € X immediatelyyields the “symmetrical” bound d(x,y) > |q(x) — q(y)| for
all x,y € X. Hence,we focus on directedmetricsand directedbounds,derving the
symmetricakesultsthroughthe abore obsenation.

3 Linear Distancesand Logics

Throughoutthis paper unlessspeci cally noted,we considera x ed a QTS .¥¥ =
(St,S,[-])- Thepropositionadistancebetweertwo statesneasureshe maximumdif-
ferencein their propositionevaluations.

De nition 1 (propositionaldistance) Wede ne thepropositionaldistancepd: % % —
[0,1], for all u,v € %, aspd(u,v) = max s (u(r) = v(r)). =

For easeof notation,we will write pd(s,t) for pd([g],[t]). Foru,v e % we have (u,v) €
Zero(pd) iff u(r) = v(r) for all r € S, and(u, V) € Zerd(pd) iff u(r) < v(r) forallr € S.
Thede nition of tracedistancealiscountghepropositionaldistanceat positionsi of the
traceby multiplying it by a', for a € [0,1].

De nition 2 (trace distance) We de ne thetracedistancetd, : %" — [0,1] by let-
ting,fors,r € " anda € [0,1],td;(s,r) = supen a'pd(s;,r;). 1

For a = 1, thede nitions reduceto the classicahotionsof tracedistancetd, (s ,r) =
ls = r|l¥,andtd,(s,r)=||s —r||x. Wenotethattd, is ageneralizatiomf theCantor
metric,which equalst_1 - Intuitively, td (resp.td) 2 correspondso implication (resp.
equialenceplongall thetrace.Indeedlifting < and= totracesn apointwiseway, for
alls,r € #" anda € (0,1 wehavethat(s,r) € Zerotd,) iff s =r,and(s,r) €
Zero(td,) iff s < r. Thelineardistancesreobtainedby lifting tracedistancego the
setof all outgoingtracesn two statesasin the Hausdorf distance.

De nition 3 (linear distance) We de ne the two linear distancedd? andlds over S
asfollows,for s,t € Sanda € [0,1]:

Id3(s,t) = sup inf tds(s,r) ldS(st)= sup inf tda(s,r) B
SETr(s)" €Tr(t) SeTr(s)" €Tr(t)

One can easily checkthat, for all a € [0,1], the functionsldg, Id3 aredirected
metricsandld3, Id§ are pseudometrics.Intuitively, the distanceld® is a quantitatie

2 Whendiscussingropertieghatareindependentf thediscountfactor we sometime®mit the
o subscripfrom distancenames.



Fig. 1. A QTSshawing thedifferencebetweend?, Id$, Td2, andldS .

extensionof tracecontainmentfor s;t € S, thedistancdd®(s,t) measurefiow closely
(in aquantitatve senseranatracefromt simulateatracefrom s. The symmetrization
of 1dS is Id®, which is relatedto trace equivalence.The following result makes this
obsenationprecise.

Theorem1 Forall a € (0,1], wehaveC,, = Zerq(ld) and=, = Zero(Id3).

Wewill seethatthevaluationof QLTL formulasatsandt candiffer by atmostlds(s,t),
and similarly, the valuationof ary QLTL formulaatt is at mostldS(s,t) below the
valuationat s. For a = 1, the distancedd?® andId® have the following intuitive char
acterization.For atraces € " andc € IR, denoteby s = c the tracede ned by
(s = ¢)(r) =5s,(r) = cforallke N andr € S: in otherwords,s ~ cis obtainedrom
s by decreasingll propositionvaluationsby c. For all s;t € S, if Id3(s,t) = c thenfor
every traces from s thereis atracer fromt suchthatr > s = c. This meansthat
Idi(s,t) is a“positive” versionof tracecontainmentfor eachtraces of s, thegoalof a
tracer fromt is notthatof beingcloseto s, but rather thatof notbeingbelonv s = c.
This versionof tracecontainmentill presere within ¢ the valuationof QLTL formu-
laswith only positive occurrencesf propositiongcalledpositive QLTL formulas).The
relationsamonglineardistancegresummarizedy thefollowing theorem.

Theorem?2 Therelationsin Figure4(a)holdfor all a € [0, 1]. Moreover, for a € (0,1]
theinequalitiescannotbereplacedby equalities.

Proof. TheinequalitiesareimmediateFor a € (0, 1] andtheQTSin Figurel, we have

d3 (sp:tp) =0 1d3 (to; Up) =0 ld3 (Up,to) =0
ld3 (sp,tp) =0 ld3 (o, up) = @ Id3 (Ug,to) =0
1d3 (s:tp) = @ 1d3 (tp, Up) =0 1d3 (ug,ty) =0
13 (spsto) = @ 1d3 (o, Up) = @ 1d3 (Uptp) = @

Thus,we have an examplewhereld2 # Id$, 1d2 # 1d3, Id$ # Id$, 1d2 # I1d$, and
neitherld <1d2 norld$ >1d3. =

3.1 Quantitati veLinear-Time Temporal Logic

The linear distancesntroducedabove are closely connectedo a quantitatve exten-
sionof lineartime temporalogic whichwe call quantitativelinear-timetempoal logic
(QLTL). Thelogic QLTL includesquantitatve versionsof the temporaloperatorsand
logic connectves.Following [5], QLTL alsohasa “threshold” operatoy enablingthe
comparisorof a formulaagainsta constantin the interval [0,1]. The QLTL formulas
over S aregeneratedby the following grammar:

jou=rljfAj Vil et =) [ Oaj | ®aj |Caj |Daj



Herer € S is a proposition,c € [0,1] a constantand a € [0,1] a discountfactor A
formulaj assignsavalue[j J(r) € [0,1] to eachtraces C ™.

[rI(s) = So(")

[ids) = 1= 1) [ anial(s) = [ali(s) M j2l(s)

[c+j1(s) = ¢+ I(s) [ 1Vial(s) = Lial(s)Ulil(s)

[c=jl(s) = c=[jI(s) [Caj J(s) = sup{a'-[j ](s')|i>0}

[Caj I(s) = a-[iI(sh [O.1(s) = inf{l—a'-(1—=[j ](s)|i> 0}
S

[®aj1(s) = 1-a+a-[](sh

A QuTL formulaj assingsa real value [j J(s) € [0,1] to eachstates of a given
an QTS, accordingto the rule® [ () = sup{[j J(r) | r € Tr(s)}. Thanksto the
equivalences-O,j =@,4—~j ,-(c+j)=((1-c)=j),~(c=j)=((1-c)+j),

-(®4j ) = O4) , andthe classicaldualitiesbetweenA, Vv, m and n, the syntaxof

QLTL allows negationsto be pushedto the atomic propositionswithout affecting the
valueof aformula.For a € [0, 1], we denoteby QLTL , the setof formulascontaining
only discountfactorssmallerthanor equalto a. All QLTL operatorsarepositive with

the exceptionof — andc = for c € [0, 1], which arenegative We saythata QLTL for-

mulais positiveif all propositionsoccurwith positive polarity, thatis, within aneven
numberof negative operatorswe denoteby QLTL} the positive fragmentof QLTL 5.

Furthermorefor opsC {0, ®,<,0,+, ~ }, we denoteby QLTL 4 (ops) the setof for-

mulaswhich only containbooleanconnectves and operatorsin ops We denoteby
QLTLZ (op9 therestrictionsof thesesetsto positive formulas.Notice thatfor a = 1,

O, and®, coincidewith the usualO operatorof LTL. Thus,if we forbid the useof

+ and =~ andwe take all discountfactorsto be 1, the semanticof QLTL on boolean
systemgoincideswith theoneof LTL.

3.2 Logical Characterization of Linear Distances

Lineardistancegprovide a boundfor the differencein valuationof QLTL formulas.We
begin by relatingdistance@ndlogicsovertraces.

Lemmal Forall a €[0,1] andall tracess,r € ", thefollowing holds.
Forallj e QuTLY . tda(s,r) > 1(s)=1[j 1(r);
Forallj € QLTL, : tda(s,r) >[I 1(s) = J(r)I-
Thefollowing theorenuseghelineardistanceso providethedesirecboundsfor QLTL.
Theorem3 Forall a € [0,1] ands,t € S, wehave:
Forallj € QuTLE:1d3(st) > [ ](s) = I I(t) and Td3 (st) > | 1(9) — I IV,
Forallj € QLTL, :Id3(st) > [[j (s) = [ I(t) and Id3 (s;t) > |[j I(s) — [ It)!-

3 We choseto give the existentialinterpretationof QLTL. Obviously, the minimumvalueof ¢
from sis obtainedby oneminusthe maximumvalueof =¢ in s.
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Fig. 2. QLTL cannotdistinguishbetweers andt.

Theresultsfor IdS andld® arethe quantitatve analogousf the standarctonnectiorbe-
tweentracecontainmentindtraceequivalenceandLTL. For instancetheresultabout
IdS stateghat,if Id3 (s,t) = ¢, thenfor every QLTL formulaj andeverytraces froms,
thereis atracer fromt suchthat[[j J(r) >[j J(s) —c.

The following theoremstatesthat the linear distancescan be characterizedy a
syntacticsubsef the logics thatincludesonly the O and+ operatorsjn additionto
booleanconnectves.Togethemwith Theorem3, this resultconstitutesa full characteri-
zationof lineardistancesn termsof QLTL.

Theorem4 Forall a € [0,1] andste S
ldZ(st)= sup [ I®) Tda(sty= sup |[i [(9— [ IV

j et (O,4) jeQuri{(O,4)
ld3(st) = sup  [iIE=LIt) Tdi(st)= sup | 19— 1M
j €QLTLL(O,+) jeQuTLa(O,4)

The next resultshaws thatthe operator+ is indeednecessaryo obtainsucha charac-
terization(O is alsotrivially necessary)This resultis reminiscenof aresultby [5] for
Markov systems.

Theorem5 Theeis a nite QTSandtwo statess andt suc that, for all a € (0,1],
Id3 (st) =1d3(st) > 0, andsup o1\ (0.@.0.0 U 168 =1 IV =0.

As anexample considetheQTSin Figure2, andassume = 1.1t holdsthatld$ (s,t) =
Id3 (s,t) = 0.2. A suitableformulafor distinguishingsandt isj : O[(0.6 + —r)A (0.4 +
r]; wehavej (s) = 1andj (t) = 0.8. Ontheotherhand,it canbe provedby induction
onthestructureof theformulathat,if + and — arenotusedthereis no QLTL formula
thatdistinguishedetweers andt.

3.3 Computing the Linear Distance

Givena nite QTS.” = (S;t, S,[-]) we wish to computeld (s,t,), for all 5),t; € S,
all x € {a s}, andall a € (0,1] (the casea = 0 is trivial). We describethe compu-
tation of 1d?, asthe computationof Id® is analogousWe can readthe de nition of
Id® as a two-playergame.Player1 choosesa pathp = sys;S,--- from s;; Player2
choosesa pathp’ = tyt;t,--- fromt,; the goal of Player1 (resp.Player2) is to max-
imize (resp.minimize) sugakpd(pk,p{(). The gameis playedwith partial informa-
tion: after s,---s,, Player1 mustchooses,,; without knowledge' of t---t,. Such

4 Indeed,if the gamewere playedwith total information, we would obtainthe branchingdis-
tancesf thenext section.



a gamecan be solved via a variation of subsetconstruction[14]. The key ideais to
associatevith each nal states, of a nite paths;s, ---s, chosenby Playerl, all -
nal statest, of nite pathstgt, ---t, chosenby Player2, eachlabeledby the distance
V(S Snylp+oth) = ma%gkgnak_npd(smtk).

From.#, we construcanotheQTS.’ = (S, t’,{r},[]'), having setof statesS =
Sx 25D |f a = 1wecantakeD = {pd(s,t) | st € S}, sothat|D| < | Fora € (0,1],
wetake D = {pd(s,t)/a¥ | st € SAk € NApd(st) < ak}u{1}, sothat|D| < |S?-
[log, min{pd(s,t) | s,t € SApd(s;t) > 0}] + 1. Thetransitionrelationt’ consistwf all
pairs((s,C),(s,C')) suchthats € t(s) andC' = {(t',V) | A(t,v) e C.t' e t(t) AV =
(v/a U pd(s,t’)) n 1}. Note that only Player1 hasa choiceof movesin this game,
sincethe movesof Player2 areaccountedor by the subsetconstructionFinally, the
interpretation[-)’ is given by [(s,C)]'(r) = min{v | {t,v) € C}, sothatr indicatesthe
minimumdistanceachievableby Player2 while trying to matcha pathto (s,C) chosen
by Playerl. Thegoalof thegame for Playerl, consistsn reachinga stateof .’ with
the highestpossible(discounted)alueor r. Thus,for all s;t € S, we have Id} (s;t) =
[3¢ar] s ((s{(t,pd(s,1))})), wheretheright-handsideis to becomputecbn.#’. This
expressioncanbe evaluatedby a depth- rst traversalof the statespaceof ./, noting
that no stateof .’ needsto be visited twice, assubsequentisits do not increasethe
valueof ¢ .

Theorem6 For all x € {a s}, thefollowing assertionsold:
1. Computinddy for a € [0,1] andQTS.” is PSFACE-completén | 7| + |a|,.
2. Computingld} for a € [0,1] and deterministicQTS.”” is PSRACE-completdn
||+ 12y
3. Computingd? for a € [0,1] andbooleandeterministidQTS.# isin timeO(|.#|4).

The uppercompleity boundfor part 1 comesfrom the above algorithm; the lower
boundcomesfrom a reductionfrom the correspondingesultfor traceinclusion[15].
Part 2 stategthat, unlike in the booleancase the problemremainsPSRACE-complete
evenfor deterministiQQTSs.Thisresultis provedby areductionto thenondeterministic
caseby introducingperturbationsn the valuationswe cantranforma nondeterminis-
tic QTS into a deterministicone;for appropriatelysmall perturbationsthe distances
computedon the derived deterministicQTS enablethe determinatiorof the distances
overthenondeterministi©QTS.Finally, part3 is aconsequencef Theoremd 3and12.

4 Branching Distances and L ogics

De nition 4 (branching distances) Considerthe following four equationsnvolving
thefunctiond : S — [0,1] andthe parametea € [0, 1].

(Aa) d(s,t) = pd(s,t) L a- max min d(s,t')
et (s)t’et (t)

(As) d(s,t) = pd(s,t) U a - max min d(d,t")
det(s)t’et(t)

S d(s,t) = pd(s,t) U a- max min d(d,t') U a- max min d(d,t’
(53 (1) =pd(st) det(9t'et (1) (5,t) tet (t) et (s) (s,t)

S d(s,t) = tua- ind(d.thua- in d(d,t/
(Ss (st)=pd(st)ua grg%t,rgg(q) (s,t) atpg% grgtl(r;) (s,t)



For x € {Aa,As,Sa Ss}, we de ne thebranchingdistancebd; asthesmallestfunction
d: S — [0,1] satisfyingtheequation(x). &

The distancebd®S is relatedto the metricsof [5, 16,2]. Clearly bdS = bd>S, so we
obtainthreesymmetricaversionsbd*?, bd*s, andbdS2 Forall a € [0, 1], thefunctions
bd}?, bdS, andbd$? aredirectedmetrics,andthefunctionsbdSS, bd4?, bd4s, andbdS?
arepseudometrics.

For a € (0,1], b} characterizesimilarity andbd® characterizebisimilarity.

Theorem?7 Forall a € (0,1], wehave<,,= Zero(bd;®) and=~,, = Zero(bd3.

Thedistancebd? correspondso avariantof simulationwhere jif bd’fa(s,t) =0 (thatis,
if sisrelatedtot), then[s| < [t]. This notionis the quantitatve equivalentof aboolean
notion of simulationproposedn [10] for the preserationof positiveACTL formulas,
thatis, ACTL formulaswhereall propositionsoccurwith positive polarity. Indeed,The-
orem8 statesthata similar characterizatiomoldsfor bd®? in the quantitatie setting.
Justas similarity in both directionsdoesnot imply bisimulation,bd®s canbe strictly
smallerthanbd®S, andbd”2 canbe strictly smallerthanbd>2

Theorem8 Therelationsin Figure 4(b) hold for all QTSandfor all a € [0,1]. For
a € (0,1], nootherinequalitieshold onall QTSs.

4.1 Quantitative mCalculus

We de ne quantitatve nmcalculusafter [2]. Given a setof variablesX and a set of
atomicpropositionsS, theformulasof the quantitativentcalculusaregeneratedby the
grammar
jou=rIxliAj V= led Je=] |
10aj [38aj |VOaj |V@a) | MK.j | NX.j

for propositionsr € S, variablesx € X, anddiscountfactorsa € [0,1]. Denotingby
F = (S—[0,1)]), a(variable)interpretationis a function & : X — #. Givenanin-
terpretation#’, a variablex € X anda function f € %, we denoteby &[x := f] the
interpretations” suchthat&”(x) = f and,for ally # x, &'(y) = £(y). GivenaQTSand
aninterpretations’, every formulaj of the quantitatve mcalculusde nesa valuation
I ]s:S—1[0,1]

[rlg(s)  =Isl(r) _
K, =éK [30a/ 1
Uiniodle =l N D2de Ha@a]_ ls _ _
LaViade=0e U Usle [VOaj 1¢(9) = a-minge; (i Is(s)
[ile® =1-[ 109  0al Lo =1-ata-ming gl 1(s)

e [mc.jly  =inf{fe|f=[ L}
Ei’,]]]]g - zf%g [Ty =suplfe | f=[ Toqbh

) =a-max,, 4l ()
9 =1-a+a-max. gl ls()

o~ o~ o~ o~

Theexistenceof therequired xpoints is guaranteetdy themonotonicityandcontinuity
of all operatorslf j isclosedwewrite [ ] for [j ] .. A formulais positiveif all atomic
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propositionsoccurin the scopeof aneven numberof negations.For all a € [0, 1], we

call CLMuCALc, thesetof closedm-calculusformulaswhereall discountfactorsare
smallerthanor equalto a and CLMUCALc] the subsetof CLMUCALC, thatonly

containgpositive formulas.We denoteby 3CLMUCALC,, ICLMUCALC} therespec-
tive subsetwvith no occurrencesf V. For opsC {0, ®,<,0,+, ~ ,mn,3,V}, wede-

noteby CLMUCALC, (op9 the setof formulasthatonly containbooleanconnectves
andoperatorsn ops Notice that, if we omit the operators+ and ~ andwe take all

discountfactorsto be 1, thenthe semanticof the quantitative mcalculuson boolean
systemgoincideswith the oneof theclassicalmcalculus.

4.2 Logical Characterizations of Branching Distances

The following resultshows that the branchingdistancegrovide boundsfor the corre-
spondingrragmentsof the mcalculus.

forallj € HCLMUCAch bdb3(s,t) > [ 1(s) = [j (1)
forallj € 3CLMuUCALCc, bdiS(st) > [ ](s) = [j (1)
forallj € CLMuCALc  bd¥st) > [ (s = [j 1(t)
forallj € CLMuCALc,  bd¥(st) > |[j 1(s) =i (1)

As notedbefore,eachboundof theform d(s,t) > [[j ](s) = [j ](t), trivially leadsto a

boundof theform d(st) > |[j ](s) — [ ](t)|- The boundsaretight, andthe following

theoremdenti es which fragmentof quantitatve mcalculussufce for characterizing
eachbranchingdistance.

Theorem10 For all QTSsstatessandt, anda € [0, 1], wehave

bdAa(s t) = eCLMUCALc;r(H,®,4—)[U I(s) = IO,

bdAs( t) = ue ECLMUCALca(EI,®,J}-)[U ]](S) = [U ]](t)’

bdsa(s’t) = Ue eCLMUCALc;r(EI,V,@,-i-)Hj 189+ 1),
b ¥(s,t) = SUB ccomucaie, @y, 1)l 169 = U 1)

Thenext resultshavs thatthe operator+ (or = ), whichis not presenin the ordinary
mecalculus,is necessaryo characterizeéhe branchingdistancesThis parallelsa result
of [5] for a metric relatedto bd>® on labeledMarkov chains,anda resultof [11] for
Markov decisionprocesseandgames.

Theorem1l Therisa nite QTSandtwo statessandt sud that,for all a € (0, 1],
baSS(s,t) = bd}S(s,t) > 0 andfor all j € CLMuCALc thatdo notcontain+ and =,

wehave[[j J(s) =[j J(t).

Proof (sketch). Consideragainthe QTSin Figure2 andtake a = 1. ThenbdS(s;t) =

bdS(s,t) = 0.2. Theorens stateghatformulasfrom QLTL(O, <) arenotsufcient for

distinguishingsfromt. Comparedo QLTL, the m-calculusallowsto specifybranching
formulasandtake xpoints of expressionsHowever, in the examplehere,thesecapa-
bilities do not help, since,startingfrom s or t, the only branchingpointsoccursin the
rst state. 1

10
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(b) Branchingdistances.

(a) Lineardistances. (c) All distances.

Fig. 4. Relationsbetweerndistanceswheref — g meansf < g. In (c), thedottedarrows collapse
to equalityfor booleandeterministicQTSs.

4.3 Computing the branching distances

Givena nite QTS.¥ = (§t,S,[]) arationalnumbera € [0, 1], andx € {Ss Sg As, Aa},
we cancomputebdy (s,t) for all statess,t € Shy computingin aniterative fashionthe
xpoints of De nition 4. For instancebd? canbe computedoy letting d°(s, t) = 0 for
alls,t € Sand forke IN, by lettingdkt1(s,t) = pd(s,t) L a "MaXse o Mgy dk(g,t"),
for all s,t € S Thenbd = lim, _,, d¥, andit canbe shavn thatthis andthe othercom-
putationgerminatein atmost|S? iterations This givesthefollowing compleity result.

Theorem12 Computingod} for x € {SsSaAs,Aa}, a € [0,1] anda QTS.# canbe
donein time O(|.#|%).

5 ComparingtheLinear and Branching Distances

Justassimilarity impliestraceinclusion,we have both1d? < bd? andld® < bds; just
asbisimilarity impliestraceequivalencewe have [d® < bd>$andld? < bd2 Moreover,

in the non-quantitatre setting,traceinclusion (resp.traceequialence)coincideswith

(bi-)similarity on deterministicsystemsThis resultgeneralizeso distance®ver QTSs
that are both deterministicand boolean,but not to distancesover QTSsthat are just
deterministic.

Theorem13 Thefollowing propertieshold.
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1.

2.

Therelationsin Figure 4(c) hold for all a € [0,1]. Moreover, for a € (0, 1], the
inequalitiescannotbereplacedby equalities.
For all booleandeterministicQTSsall a € [0, 1], wehave

1d2 =bd}® 1dS =bd}® Td2 =bd}® TdS =bd;®.

Theseequalitiesneednotto hold for non-booleandeterministicQTSs.

To seethaton deterministicnon-boolearQTSs thelineardistancedbetweerstatesan
bestrictly smallerthanthecorrespondingpranchingonesconsideithe QTSin Figure3.
We assumdhata > 1; asimilarexampleworksif a < 3. Thenld3 (s,t) =Id3 (st) =
T4 (st) =Td3 (st) = 1a, whilebdi?(s t) = bei*(st) = bdh*(s,t) = bda*(s,t) = a2
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