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Abstract. We present a novel abstraction technique which allows the
analysis of reachability and safety properties of Markov de cision pro-
cesses with very large state spaces. The technique, callednagnifying-
lens abstraction, copes with the state-explosion problem by partitioning

the state-space into regions, and by computing upper and lower bounds
for reachability and safety properties on the regions, rath er than on the
states. To compute these bounds, magnifying-lens abstraction iterates
over the regions, considering the concrete states of each rgion in turn,

as if one were sliding across the abstraction a magnifying lens which
allowed viewing the concrete states. The algorithm adaptiv ely re nes
the regions, using smaller regions where more detail is needd, until the

di erence between upper and lower bounds is smaller than a speci ed ac-
curacy. We provide experimental results illustrating that magnifying-lens
abstractions can provide accurate answers, with drastic savings in mem-
ory requirements, in many cases where previous abstraction techniques
yield no benet.

1 Introduction

Markov decision processes (MDPs) provide a model for systesnwith both prob-
abilistic and nondeterministic behavior, and they are widdy used in probabilistic
veri cation, planning, optimal control, and performance analysis. In probabilis-
tic veri cation and performance evaluation, the nondeterminism can be used
to model concurrency and external inputs, while probability captures random-
ization or unpredictability [13, 23]. In planning and optim al control, the nonde-
terminism represents the choice of control action, while pobability models the
uncertainty in the evolution of the controlled system [10, 4].

Markov decision processes that model realistic systems tehto have very
large state spaces, and the main challenge in their analysonsists in devising al-
gorithms that work e ciently on such large state spaces. In the non-probabilistic
setting, abstraction techniques have been successful in pmg with large state-
spaces: abstraction enables to answer questions about a $§s1 by considering a



smaller, more concise abstract model. This has spurred reagch into the use of
abstraction techniques for probabilistic systems [7, 15,9, 16]. We present a novel
abstraction technique, calledmagnifying-lens abstraction (MLA), for the analy-
sis of reachability and safety properties of MDPs with very large state spaces.
MLA starts from a coarse, and concise, abstraction of an MDP,and gradually
re nes the abstraction in an adaptive (and automatic) fashion, adding detail
where most needed, until reachability and safety questiongan be answered to
the desired degree of accuracy. We show that the technique oalead to sub-
stantial space and time savings in the analysis of MDPs, and & show that the
savings extend to cases where previous abstraction techrugs yield no bene t.

An MDP is de ned over a state spaceS. At every state s 2 S, one or more
actions are available; with each action is associated a probabilitydistribution
over the successor states. In this paper, we focus @mafety and reachability prop-
erties of MDPs. A safety property speci es that the MDP's behavior should not
leave asafe subset of statesT S; a reachability property speci es that the
behavior should reach a seff S of target states. A controller can choose the
actions available at each state so as to maximize, or minimig, the probability
of satisfying reachability and safety properties. Magnifying-lens abstraction en-
ables the computation of converging upper and lower boundsdfr the maximal
reachability or safety probability; the minimal probabili ties can be obtained by
duality. In its ability to provide both upper and lower bound s for the quantities
of interest, MLA is similar to [16].

In the analysis of large MDPs, the main challenge lies in the epresentation
of the value v(s) of the reachability or safety probability at all s 2 S. In con-
trast, actions and transition probabilities from each state s can usually be either
computed on the vy, or represented in a compact fashion, via Konecker rep-
resentations or probabilistic guarded commands [20, 8, 14]The goal of MLA is
to reduce the space required for storings and, secondarily, the running time of
the analysis. To this end, MLA partitions the state space S of the MDP into
regions; for each regionr, it stores upper and lower boundsv® (r), v (r) for the
maximal reachability or safety probability. The values v* (r), v (r) constitute
bounds for all statess 2 r. In order to update these estimates, MLA iterates
over the regions, \magnifying" one of them at a time. When the regionr is
magni ed, MLA computes v* (s), v (s) at all concrete statess 2 r via value
iteration, and then summarizes these results by settingv* (r) = maxsz; v* (s)
and v (r) = mins2, v (s). Figuratively, MLA slides a magnifying lens across
the abstraction, enabling the algorithm to see the concretestates of one region
at a time when updating the region values. Given a desired aagacy " for the
answer, MLA periodically splits regionsr with v* (r) v (r) >" into smaller
regions. In this way, the abstraction is re ned in an adaptive fashion: smaller
regions are used where ner detail is needed, guaranteeinché convergence of
the bounds, and larger regions are used elsewhere, savingase. When split-
ting regions, MLA takes care to re-use information gained inthe analysis of the
coarser abstraction in the evaluation of the ner one. MLA can be adapted to
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Fig.1. Initial, and nal re ned abstraction, for the problem of mot ion planning in a
24 24 mine eld. The circles denote the mines.

the problem of computing a control strategy by recording the optimal actions
for the concrete states of interest, when they are magni ed.

The ability of MLA to group states based on value, and the ability to split
regions individually, tailoring the detail to the needs of di erent portions of the
state space, make MLA e ective in cases where previous absiction techniques
yield no bene ts. This is best illustrated via a simple example. We consider the
problem of navigating ann n mine eld; the robot starts at the corner (1;1),
and must reach the target corner f; n); the problem, for n = 24, is illustrated in
Figure 1. Some mines are distributed randomly in the mine ed. At each internal
state s, there are four actions available:Up, Down, Left, Right; border states
lack the actions that would lead out of the mine eld. When an action is taken,
the robot moves one square in the chosen direction with probaility 1 p(s), and
blows up with probability p(s); the probability p(s) is high close to mines, and
very low elsewhere (we will provide the precise equations fahis model later in
the paper).

Intuitively, it is desirable to group the 8 8 states in the top-middle area
into a single regionrg: since no mines are nearby, the robot can freely roam in
ro, so that the maximal probability of reaching the target corner is essentially
constant acrossrg. Indeed, to a human trying to determine a best path to the
target corner, the states inrgy are essentially equivalent. When the 8 8 concrete
states are grouped inrg, MLA leads to accurate results, since it can analyze the
dynamics insidery when ro is magni ed. Previous abstraction techniques for
probabilistic systems, such as [7, 19, 16], are based on prabilistic simulation
[24], and they are unable to provide accurate results. Suchetichniques associate
with ro a summary of the transition structure from states s 2 rg, and use that
summary to analyze the abstraction. The problem is that the dates in rg, while
similar in value, are not similar in transition structure: t he states on the border
of rg can transition outside of rg, while those in the interior cannot. In the
abstraction, the probability of going from r to the region at the right hand side



will be modeled as being in an interval [Qq], for someq close to 1 (all mines are
far away). Consequently, previous techniques would have gided a lower bound
of 0, and an upper bound close to 1, for the maximum probabiliy of reaching
the target corner. We note that iterative abstraction re ne ment does not help:
it would repeatedly strip o the borders from regions, until there are as many
regions as there are states. The precision of traditional aktraction approaches
can be improved by relying onweak simulation [24, 2, 21] rather than regular, or
strong, simulation. The stumbling block, in this approach, turns out to be the
high computational cost of building the abstractions; we discuss this in detail in
the conclusions. We also note how, in this example, the abily of MLA to re ne
the abstraction adaptively is crucial, as depicted in Figure 1(b). MLA is able to
use small regions close to mines, and large regions elsewdgif we insisted on a
uniform region size, then we would have to adopt the smallessize throughout,
and no space savings would be possible. One of the bene ts of M is that the
abstraction is re ned dynamically, depending on the required accuracy of the
analysis; there is no need to \guess" the right state partition in advance.

The memory requirements of MLA are proportional not only to the number
of regions, but also to the maximum number of states in a regio, due to the
\magnifying-lens" computation. This makes it impossible to use MLA for the
analysis of in nite-state systems: indeed, for a systerg wih jSj states, the best we
can achieve is memory consumption proportional to  8jSj. This contrasts with
the technique of [16], where the space savings are in prindip unbounded, and
with [19], where abstract-interpretation techniques are gplied to the analysis of
in nite-state systems. We experimented with MLA on 256 256 and 512 512
instances of the mine eld example. In the 512 512 case, MLA reduced space
usage by a factor between 30 and 60, approximately, dependinon the desired
accuracy of the analysis (10! to 10 9).

In addition to the space savings, MLA is also faster than tradtional value
iteration: for the 512 512 example, the speedup factor was between 5 and 7. The
reason for the speedup is that MLA avoids magnifying and re-aalyzing a region,
when none of its neighbors have changed. Moreover, MLA can pfrm di erent
numbers of value iterations for each region. While the speadp is relatively minor,
it shows that the space savings of MLA are not associated witha speed penalty,
compared to classical value iteration.

Related work.We have already discussed the di erences between MLA and mét
ods for MDP abstraction based on simulation or abstract interpretation [7, 15,
19,18, 16]. MLA is reminiscent to methods that represent valie functions via
ADDs or MTBDDs [6, 1] with an approximation factor used to merge leaves.
The similarity, however, is super cial: MLA leads to far mor e precise results in
the analysis; we discuss this in the conclusions, where theparopriate notation
will be available. MLA is also loosely reminiscent ofadaptive mesh re nement
(AMR) methods used in the solution of partial di erential eq uations [3]. There
are, however, two important di erences between MLA and AMR. In AMR, sep-
arate lower and upper bounds are not kept. Due to the continuais nature of
di erential equations, the computation over a coarse mesh an be performed



independently of the computation for ner meshes, and spliting is done by
comparing the results for di erent mesh sizes. In particular, AMR methods per-
form computation at the nest mesh sizes only where needed.nd MLA, due
to the discrete nature of MDPs, we have no way of computing ovea \coarse
mesh" only: to update valuations over a region, we need to \magnify" the re-
gion to its individual states. MLA then summarizes the computation over the
individual states into lower and upper bounds, and uses the tderence between
these bounds to decide which regions to split. Thus, MLA is foced to consider
the individual states over the whole system, and it summarizs and returns the
results in terms of lower and upper bounds, which are well-sited to answering
veri cation questions.

Paper organization. The paper is organized as follows. In Section 2, we give
preliminary de nitions. In Section 3 we recall the standard value-iteration algo-
rithms for solving MDPs, and in Section 4 we present magnifymg-lens abstrac-
tion. In Section 5, we provide detailed experimental resuls on MLA applied
to the mine eld navigation problem, and we compare MLA with t he game-
abstraction method of [16] over a model of the ZeroConf protool, which is the
case study considered in [16]. We conclude with some nal olesvations, and
considerations on future work.

2 Preliminary De nitions

For a countable setS, a probability distribution on S is a function p: S 7! [0; 1]
such that  _, 5 p(s) = 1; we denote the set of probability distributions on S
by D(S). A valuation over a setS is a function v : S 7! R associating a real
number v(s) with every s 2 S. For valuations v;u over S, we de ne operators
and inequalities in pointwise fashion: for instance, we denev+ u by (v+ u)(s) =
v(s)+ u(s)forall s2 S,andwe writev uifv(s) u(s)atalls2 S.Forx2R,
we denote byx the valuation with constant value x; for T S, we indicate by
[T] the valuation having value 1 in T and O elsewhere. For two valuationsv; u
on S, we denejjv Uujj =maxssjv(s) u(s)j.

A partition of a setSis a setR 2%, such that frjr 2 Rg= S, and such
that for all r;r°2 R, ifr 6 rthenr\ r%= ;. For s 2 S and a partition R of
S, we denote by E]r the elementr 2 R with s 2 r. We say that a partition R°
is ner than a partition R if the elements of R can be written as unions of the
elements ofRC.

De nition 1 (Markov decision process). A Markov decision process (MDP)
M = hS;A; ;pi consists of the following components:

{ A nite state space S.

{ A nite set A of actions (moves),

{ A move assignment :S! 2%n;.

{ A probabilistic transition function p :S A! D(S).



Algorithm 1 Vallter( T;f;g9;" oat ) Value iteration

1. v:i=][T]

2. repeat

3. ¢=v P

4, forall s2Sdov(s):="f [TI(S); 0 copsP(S;a;8%) ¥(s) a2 (s)
5. until jjv 9  "oa

6. return v

At every state s 2 S, the controller can choose an actiona 2  (s); the MDP
then proceeds to the successor statewith probability p(s;a)(t), forall t 2 S. A
path of G is an in nite sequences = Sg;S1; Sp; : - : of states ofS; we denote byS'
the set of all paths, and we denote bys, the k-th state s of S = Sp;S1;S2;:: 0.
We model the choice of actions, on the part of the controller,via a strategy
(strategies are also variously calledschedulers[23] or policies [10]). A strategyis
amapping :S* 7! D(A): given a past history s 2 S* for the MDP, a strategy

chooses each actiom 2 (s) with probability (s )(a); we obviously require

(s)(b=0forall b2 An (s). Thus, strategies can be both history-dependent,
and randomized. We denote by the set of all strategies.

We consider safety and reachability goals. Given a subsetfT S of states,
the reachability goal T = fs2 S' j9k:S¢ 2 Tgconsists in the paths that reach
T, and the safety goal T = fs2 S' j8k:S¢ 2 Tgconsists in the paths that stay
always in T. These sets of paths are measurable [25], so that given a stegy

2 , we can de ne the probabilities Prg( T), Prg( T) of following a path in
these sets from an initial states 2 S under strategy . By choosing appropriate
strategies, the controller can maximize or minimize these pbabilities. Thus, we
consider the problem of computing, at alls 2 S, the quantities:

VT (s) = max Pre( T) VT (s) = max Pre( T)

vmin(s) = min Prs( T) T (s) = min Prs( T):

The fact that on the right-hand side we have max, min rather than sup, inf is
a consequence of the existence of optimal (and memorylessrategies [10]. In
the remainder of the paper, unless explicitly noted, we presnt algorithms and
de nitions for a xed MDP M = hS;A; ;pi.

3 Value lIteration Algorithms for Reachability and Safety

Reachability and safety probabilities on an MDP can be compted via a clas-
sical value-iteration scheme [10, 4,9]. The algorithm, dejgted as Algorithm 1,
is parameterized by two operatorsf;g 2 f max; ming. The operator f speci es
how to merge the valuation of the current state with the expeded next-state
valuation; we usef = max for reachability goals, and f = min for safety ones.



The operator g speci es whether to select the action that maximizes, or min-
mizes, the expected next-state valuation; we us@ = max to compute maximal
probabilities, and g = min to compute minimal probabilities, The algorithm is
also parameterized by" oot > 0: this is the threshold below which we consider
value iteration to have converged. The following theorem sates the correctness
of the algorithm.

Theorem 1. For all MDPs M = hS;A; ;pi and all T S, the following
assertions hold.

1. Termination. For all "ot > 0 and for all f;g 2 fmin;maxg, the call
Vallter (T; f;0;" cat ) terminates.

2. (Partial) correctness. Consider any g 2 f max;ming and any 4 2 f ; g,
and letf =min if 4 = ,andf =max if 4 = . The following holds. For
all > 0, thereis" oat > O such that, at alls2 S:

v(s) Vor(s)  v(s)+
wherev = Vallter (T;f;9;" oat )-

We note that, in a call to Vallter( T;f;g), the value-iteration converges to the
limit from below if f = max, and from above if f = min (see, e.g., the xpointsin
[9]). Consequently, we can replace statement 1 with the folwing initialization:

if f =max then v:i=0elsevi=1

We will use this observation in the presentation of magnifyng-lens abstraction.

4 Magnifying-Lens Abstraction

Magnifying-lens abstractions (MLA) is a technique for the analysis of reacha-
bility and safety properties of MDPs. Let v be the valuation on S that is to
be computed:v is one of VM vy max ymin yvmax  Given a desired accuracy
"abs > 0, MLA enables the computation of upper and lower bounds fow , spaced
less than" 4. To save space, rather than using a valuatiornv over S, MLA starts
from an initial partition R of S, and computes the lower and upper bounds as
valuations u and u* over R. To compute u and u*, MLA iteratively consid-
ers eachr in turn, and improves the estimates foru (r) and u* (r) using value
iterationon all s2 r. Onceu andu* are computed, ifu* (r) u (r) “aps for
all r 2 R, the algorithm terminates. Otherwise, the algorithm re ne s some of the
partitions in R, and starts over. The algorithm is guaranteed to terminate: in
the worst case, the partition is re ned to the point in which e very region consists
of a single state, so thatu* and u coincide.

The MLA algorithm is presented as Algorithm 2. The algorithm has pa-
rameters T, f, g, which have the same meaning as in Algorithm Vallter. The
algorithm also has parameters’ ,; > 0 and "5 > 0. Parameter " 55 indicates
the maximum di erence between the lower and upper bounds retirned by MLA.



Algorithm 2 MLA(T;f;9;" cat ;"abs) Magnifying-Lens Abstraction

1. R :=some initial partition.

2. iff =max then u = 0;u" = 0elseu =1;u" =1

3. loop

4, repeat

5. 0" =ut;0 =u ;

6. for r 2 R do

7. u* (r) := Magni editeration( r;R;T; 0" ;0 ;0" ;max;f;g;" cat )
8. u (r) := Magni edlteration( r;R;T; 0 ;0 ;0% ;min;f;g;" cat )
9. end for

10. until jju® A% jj + jju 0 "oat

11. if iUt Ui "ans

12. then R;u ;u* := SplitRegions( R;u ;u®;"aps)

13. else return R;u ;u*

14. end if

15. end loop

Algorithm 3 Magni editeration( r;R;T;u;u ;u*;h;f;9;" oat )
v: a valuation on r

1.if f = max

2. thenfor s2r do v(s)= u (r)

3. elsefor s2r do v(s)= u*(r)

4. repeat

5 ¢=v

6. forall s2r do I

X X
v(s)=f [TI(s); g p(sia;sh) 0(sh+ p(s;a;s) u(slk) a2 (s)

s02r s02 Snr
7.until jjiv ¥ "o
8.return hfv(s)js2rg

Parameter " .4 , as in Vallter, speci es the degree of precision to which thelo-

cal, magni ed value iteration should converge. MLA should be called with " 555

greater than " ot by at least one order of magnitude: otherwise, errors in the
magni ed iteration can cause errors in the estimation of the bounds. Statement
2 initializes the valuations u and u* according to the property to be computed:
reachability properties are computed as least xpoints, while safety properties
are computed as greatest xpoints [9]. A useful time optimization, not shown in

Algorithm 2, consists in executing the loop at lines 6{9 onlyfor regionsr where
at least one of the neighbor regions has changed value by mothan " o4 .

4.1 Magnied lteration

The algorithm for value iteration on the magni ed region is given as Algorithm 3.
The algorithm is very similar to Algorithm 1, except for thre e points.



First, the valuation v (which here is local tor) is initialized not to [ T], but
rather, to u (r) if f = max, and to u*(r) if f = min. This is an important
optimization. If f = max, value iteration converges from below, andu (r) is a
better starting point than [ T], since [T](s) u (r) v (s)atall s2r. The
case forf = min is symmetrical.

Second, fors 2 S nr, the algorithm uses, in place of the valuev(s) which
is not available, the value u (r% or u* (r%, as appropriate, wherer® is such
that s 2 r% In other words, the algorithm replaces values at concrete tates
outside r with the \abstract" values of the regions to which they belong. To this
end, we need to be able to e ciently nd the \abstract" counte rpart [s]g of a
state s 2 S. A general scheme, which works well for a wide variety of mods,
is as follows. Most commonly, the state-spaceS of a system consists in value

R of S, together with the valuations u*, u , via a decision tree. The nodes of
the tree are labeled by variables inX ; the edges outgoing a node with labek
are labeled with conditions onx. For instance, the top node for the partition of
Figure 1(a) could be labeled withx (the horizontal coordinate), and have three
descendants, with the edges labeled 4,5 x 8,9 x. The leaves of the
tree correspond to regions, and they are labeled wittu , u* values. Givens,
nding [ s]r in such a tree requires following the tree, from root to leaf.If the
splits are balanced (see the section below on partition re @ment), this requires
time logarithmic in |S;j.

Third, once the concrete valuation v is computed at all s 2 r, Algorithm 3
returns the minimum (if h = min) or the maximum (if h = max) of v(s) at all
s 2 r, thus providing a new estimates foru (r), u* (r), respectively.

4.2 Adaptive Abstraction Re nement

If the lower and upper boundsu and u* computed for a partition R dier by
more than ",,s at somer 2 R, MLA re nes the partition R by splitting some
regions. We have compared experimentally various criteridor selecting which re-
gions to split. In our experiments, the best criterion (in terms of running time and
space) was also the simplest: split all regions 2 R with u*(r) u (r) >" aps.
We considered an alternative criterion that split the regions where the precision
of the computation suddenly degrades | the regions r that have large spread
u*(r) u (r), even though their neighbours have on average low spread. his
alternative criterion yielded a slight decrease in the numter of regions in the nal
abstraction, but caused an increase in the running time of tle algorithm. Once
the regions to be split have been selected, it remains to dea¢ how to split them.
In the mine eld example, each region issquarish (horizontal and vertical sizes
di er by at most 1); we split each such squarish region into 4 snaller squarish
regions. In more general cases, the following heuristic isidely applicable, and

variables de ning the state-spaceS: this de nes a priority order for splitting
regions. As previously mentioned, we represent a partitiorR via a decision tree,
whose leaves correspond to the regions. To split a region we look at the label



x; of its parent, and at the conjunction  of all conditions on x; on a path to r.
If is satis ed only by one value ofx;, then we split r according to the values of
Xi+1 . we labelr with x;.+1, and we create children ofr in the tree, labeling the
edges fromr to the children with conditions on xj.+1 . If is satis ed by multiple

values of xi, then we labelr with x;, and we create children ofr in the tree,
labeling the edges fromr to the children with conditions on x;.

andu*(r;) = u*(r)forall1 j k. A call to SplitRegions(R;u*;u ;"aps
returns a triple R;u ;u*, consisting of the new partition with its upper and
lower bounds for the valuation.

4.3 Correctness
The following theorem summarizes MLA correctness.

Theorem 2. For all MDPs M = IS;A; ;pi,all T S, and all "as > 0, the
following assertions hold.

1. Termination. For all "o > 0, and for all f;g 2 f min;maxg, the call
MLA (T;f;9;" oat ;"abs) terminates.

2. (Partial) correctness. Consider any g 2 f max; ming, any "5 > 0, and any
42f ; g andletf =min if 4 = ,andf =max if 4 = . The
following holds. For all > 0, there is" oat > 0 such that:

8r2R: ut(r) u (r) " abs
852 S: u (slr) V7:(s)  ut(slr)+

where (R;u ;u*)= MLA(T;f;9;" cat ;"abs)-

We note that the theorem establishes the correctness of loweand upper bounds
only within a constant > 0, which depends orl' 5 . This limitation is inherited
from the value-iteration scheme used over the magni ed regins (cfr. Theorem 1).
If linear programming [10, 4] were used instead, then MLA wold provide true
lower and upper bounds. However, in practice value iteratio is preferred over
linear programming, due to its simplicity and great speed adantage, and the
concerns about are solved | in practice, albeit not in theory | by choosing
asmall” o5t > 0.

5 Experimental Results

In order to evaluate the time and space performance of MLA, wehave imple-
mented the algorithm, and we have used it for two case studiesa mine eld
navigation problem, and the ZeroConf protocol for the autoromous con gura-
tion of IP addresses [5]. This latter example had been used ahe test-case in
[16], and it will enable us to compare MLA with the game-basedabstraction
algorithms presented there.

10



When comparing MLA to Vallter, we compute the space and time reeds of
the algorithms as follows. For Vallter, we take the space regirement to be equal
to jSj, the domain of v. For MLA, we take the space requirement to be the
maximum value of 2 jRj+max;2r jrj that occurs every time MLA is at line 4 of
Algorithm2: this gives the maximum space required to store he valuationsu™,
u , as well as the valuesy for the largest magni ed region. A simple calculation
yields that for a system with N states, the space usage is at least 8N. We
measure the running time of the algorithms in terms ofvaluation updates,where
a valuation update is the act of updating the value ofv at a state, or the values
of u oru' ataregion, in any of the algorithms. Updating these valuations is
where the algorithms spend most of the time. We measure the mning time for
a version of MLA that includes the optimization of re-evaluating a region, only
when the value in some neighboring region changes by more tha' ¢4; -

5.1 Mine eld Navigation

We consider the problem of navigating ann n mine eld. The mine eld contains
m mines, each with coordinates X;;yi), for 1 i m, where 1  x; < n,
1 y; <n.We consider the problem of computing the maximal probabilty with
which a robot can reach the target corner f; n), fromall n  n states. At interior
states of the eld, the robot can choose among four actionsUp, Down, Left,
Right; at the border of the eld, actions that lead outside of the el d are missing.

the robot to move to square k% y9 with probability q(x%y9, and to \blow up"
(move to the sink state sgn ) with probability 1 g(x%y9). For action Right, we
havex®= x +1, y°=y; similarly for the other actions. The probability g(x%y9
depends on the proximity to mines, and is given by

Q
qx%y9= T exp 07 (x° x)2+(y° )2

We experimented with two mine elds: one of size 256 256, with 20 mines in it,
and the other of size 512 512, with 100 mines in it. In both cases, the mines
were distributed in a pseudo-random fashion across the eldThe performance
of algorithms Vallter and MLA are compared in Table 2. From the tables, in
the 512 512 case we see that the savings range from 61.45, whégs = 10 1,
to 28.33, WBen"abS = 10 3. The theoretical minimum, when no region needs
splitting, is = 8 5122 = 1448, and we see how our results are not too far o from
this bound. For this same example, the number of valuation uplates required by
MLA is less than that required by Vallter by a factor of 5 to 7, a pproximately.
While this is in part o set by other bookkeeping calculation s performed by MLA,
we see that the space savings come at no performance hit.

5.2 The ZeroConf Protocol

MLA and game-based abstractior{16] have di erent strengths and weaknesses:
game-based abstraction is applicable to some systems withxgemely large, and

11



n =256, as =10 1
m = 20, float = 10 2

Algorithm | Space| Updates

Vallter 65,536 | 33,488,896
MLA 1,248 | 5,764,830
MLA Iteration Details
#Abs | jRj |max Updates
256 | 0.528 | 3,097,996
316 | 0.528| 215,943
376 | 0.528| 101,924
436 | 0.497 79,538
496 | 0.067 57,829

OO~ WN PP

n =256, as =10 ?
m =20, foax =10 4
Algorithm | Space| Updates
Vallter 65,536 | 33,488,896
MLA 1,872 | 3,712,081
MLA lteration Details
#Abs | jRj |max Updates
256 | 0.528| 3,164,812
325| 0.528| 246,678
412 | 0.528| 118,825
568 | 0.497| 104,647
808 | 0.001 77,119

OO WN PP

n =256, aps =10 3

m =20, foa =10 ©
Algorithm | Space| Updates
Vallter 65,536 | 33,488,896
MLA 2262 | 3,827,678

Nn=512, as =10 1
m =100, fa =10 2

Algorithm | Space Updates

Vallter 262,144 268,173,312
MLA 4276 | 23,545,536

MLA lteration Details

#Abs jRj |max Updates

576 | 0.778 | 18,879,885
876 | 0.582| 2,273,902
1,173 | 0.583 865,780
1,470| 0.583 562,006
1,767 | 0.524 473,213
1,896 | 0.072 490,750

OO WNPE

n=512, s =10 2
m =100, fa =10 4

Algorithm | Space Updates

Vallter 262,144 268,173,312
MLA 7,216 | 32,350,918

MLA lteration Details

#Abs jRj |max Updates

576 | 0.777 | 26,501,993
906 | 0.583| 2,743,462
1,278 | 0.583 974,042
1,798 | 0.583 771,216
2,673 | 0.525 788,025
3,366 | 0.003 572,180

OO hAhWDNEF

N =512, as =10 3
m =100, foax =10

Algorithm | Space Updates

MLA lteration Details

Vallter 262,144 268,173,312
MLA 9136| 35,832,505

#Abs jRj | max Updates

MLA lteration Details

256 | 0.528] 3,232,396
334 | 0.528| 273,694
442 | 0.528| 137,897
643 | 0.497| 101,761
1,003 | 0.0009 81,930

OO~ WNPE

#Abs jRj | max Updates

576 | 0.777| 28,374,281
939| 0.583| 3,487,939
1,392| 0.583| 1,420,126
2,127| 0.583| 1,110,869
3,431 | 0.525 806,507
4,326 | 0.0009 632,783

OO AWNER

Fig. 2. Comparision between MLA and Vallter for 256 256 and 512 512 mine elds,
for "aps = 10 ;10 2;10 3. n is the dimension of the mine eld, m the number of
mines, #Abs is the number of abstraction steps (number of loo ps 3{15 of MLA), and
max =max z2r(u(r) u (r)).
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even in nite, state spaces, but can fail to provide bene ts in cases where MLA
is e ective, as in the mine eld example. In order to compare the two approaches
in a case where they are both applicable, we considered th&eroConf protocol
case study considered in [16]. The ZeroConf protocol is usddr the dynamic self-
con guration of a host joining a network. We consider a netwak with n existing
hosts, andm total IP addresses; protocol messages have a certain probiity of
being lost during transmission. We use the same model as in §], taking n =4
and m = 32. The model has the following state variables:

{ s 2 [0::4] denoting the protocol state of the process joining the nework;
{ ip02 [0::m] is the IP address chosen by the new host;

{ x02 [0::20] is a local clock;

{ probes2 [0::4] is the number of IP-probing messages sent.

In game-based abstraction, the authors of [16] manually sekted the abstract
state space, which consisted of 737 states. The most imponté protocol prop-
erty they analyzed was the probability that the new host would eventually be
correctly con gured (this is a reachability property, wher e the target setT con-
sists of the states where the new host has been con gured. Indaition, [16]
considered various time-bounded properties.

To construct the abstraction in MLA, it su ced to choose a var iable priority
ordering for splitting regions: from high to low priority, w e choses, ip0, x0,
probes We used MLA to compute the probability that the new host would
eventually be correctly con gured. MLA needed to split accarding to s and ip0,
thus considering 5 33 = 165 regions (the actual count was lower, since some of
these regions are unreachable from the initial state of inteest).

While it may appear that MLA is more economical in constructing the ab-
straction, the di erence is explained by the fact that MLA di d not need to split
according to the values of clockx0, as the property considered was not a bounded
reachability property. Rather, there were three main di er ences between the two
veri cation approaches as applied to the ZeroConf protcol.

{ The abstraction had to be selected manually in game-based alraction,
whereas it was constructed automatically (except for spedying the variable
ordering) in MLA.

{ Once an appropriate abstraction is devised, game-based atpaction is able
to cope with larger state spaces than MLA, as it is not limited by the square-
root lower-bound on the number of states considered by MLA.

{ Game-based abstraction requires the use of game-theoret@lgorithms for
solving the abstract model. On the other hand, MLA can use stadard MDP
techniques, which are easier to implement and more e cient.

6 Discussion

A natural question about MLA is the following: why does MLA co nsider the con-
crete states at each iteration, as part of the \magni cation" steps, rather than

13



constructing an abstract model once and for all, and then any/ze it, as other
approaches to MDP abstraction do [7,15,19,16]? The answerds two parts.
First, we cannot build an abstract model once and for all: ourabstraction re ne-

ment approach would require the computation of several abstctions. Second,
we have found that the cost of building abstractions that are su ciently precise,

without resorting to a \magni cation" step, is substantial , negating any bene ts
that might derive from the ability to perform computation on a reduced system.

To understand the performance issues in constructing prese abstractions,
consider the problem of computing the maximal reachabilityprobability. To sum-
marize the maximal probability of a transition from a region r to ri, we need to
compute P/ (r1) = min g max , Pr (r Ury), where U is the \until" operator
of linear temporal logic [17]; this quantity is related to building abstractions via
weak simulation [24,2,21]. These probability summaries are not additive: ér
rp 6 rp, we have that P* (r;) + P (rz) P*(ri[ rz), and equality does not
hold in general. Indeed, these probability summaries congiute capacities, and
they can be used to analyze maximal reachability propertiesvia the Choquet
integral [22,11,12]. To construct a fully precise abstracion, one must compute
P+ (RY for all R® R, clearly a daunting task. In practice, in the mine eld
example, it su ces to consider those R® R that consist of neighbors ofr. To
further lower the number of capacities to be computed, we exprimented with
restricting R to unions of no more thank regions, but for all choices ofk, the
algorithm either yielded grossly imprecise results, or preed to be markedly less
e cient than MLA.

The space savings provided by MLA are bounded by a square-radunction
of the state space. We could improve this bound by applying MIA hierarchically,
so that each magni ed region is studied, in turn, with a nested application of
MLA. It is unclear whether this approach is bene cial in pragtice. If the size N
of the state space is such that a reduced abstraction of size 8N does not t in
memory, it is likely that even if the space requirements weretamed via hierar-
chical approaches, the time requirements would make the argsis unfeasible.

Symbolic representations such as ADDs and MTBDDs [6, 1] havéeen used
for representing the value function compactly [8, 14]. The pace savings are lim-
ited by the fact that the value function is usually slightly d i erent at di erent
states. MLA is loosely reminiscent of approaches that clustr MTBDD leaves
with values within a specied " > 0. However, the similarity is super cial: such
leaf-clustering corresponds in MLA to taking"aps = " 0at = ", and yields consid-
erably poorer results than clustering according to" 555, and computing according
to " oat , @S MLA does. In particular, MTBDD leaf-clustering approaches do not
yield lower and upper bounds for the property of interest. The decision-tree
structure used by MLA to represent regions and abstract valwations is closely
related to MTBDDs, and in future work we intend to explore symbolic imple-
mentations of MLA, where separate MTBDDs will be used to represent lower
and upper bounds.

Acknowledgements.We thank Pascale Garaud (AMS Department, UC Santa
Cruz) for an insightful discussion on adaptive mesh re nemeat algorithms.
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